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TRANSLATOR’S PREFACE 


The decision to translate the following book was taken, firstly 
because it contains a considerable amount of new material relating 
to the numerical application of continued fractions which will be of 
interest to the Western reader, and secondly because it offers an 
introduction to the analytic theory of continued fractions which, 
in the reasoned and systematic form given, is not available in the 
English language. 

Additional references to standard works on Analysis in the 
English language have been added, the notation has been slightly 
modified in places to conform to Western usage, and a number of 
corrections kindly communicated by the author have been inserted. 

I have added an index and a short list of supplementary refer- 
ences (which, of course, contain further references for the interested 
reader). In the translation I have allowed myself a certain degree 
of freedom and must apologize to the reader in advance for any 
imperfections which have been introduced in this way. In the 
original Russian, at least, Dr. Khovanskii’s book is a delight to 
read and a masterpiece of clarity. 


Mathematisch Centrum, Amsterdam. 


L PUN 
January, 1962. А.М. thao 


РКЕЕАСЕ 


In modern mathematics the approximate representation of 
functions is ordinarily sought for in the form of a polynomial in 
the independent variable. In cases in which such polynomials are 
difficult to find, other numerical methods are used. 

For this purpose approximations by rational functions of the 
independent variable have seldom been used. A characteristic of 
rational function approximations is that they may often suc- 
cessfully represent the given function in a domain of variation of 
the argument where the power series expansion of the function 
diverges and where, in consequence, in a great number of cases a 
polynomial approximation is inapplicable. 

Furthermore, with the help of rational function approximations, 
the determination of the zeros and poles of the given function is 
greatly facilitated, since it is required to solve an algebraic equation 
of lower degree than that which occurs when using an approximation 
in the torm of a polynomial. 

Finally, the use of a rational function approximation tends to 
remove the necessity of computing high powers of the argument. 

Thus the application of rational function approximations brings 
about a great simplification in many of the computing formulae. 

That approximation by means of a rational function should have 
gained so small a currency is explained by the fact that the direct 
derivation of this function necessitates lengthy calculations. Further- 
more the transition from one rational function approximation to 
another involves, in general, the recomputation of all coefficients 
contained in the numerators and denominators of these approxi- 
mations. However methods exist allowing the derivation of arbitra- 
rily many rational function approximations to the given function, in 
a manner not demanding complicated calculations. The most widely 
known methods of this type are based on the use of continued 
fractions. 


хп РКЕЕАСЕ 


In the first chapter of the present work a short exposition of the 
analytic theory of continued fractions is given. Problems in the 
arithmetic theory of continued fractions are not considered in this 
book. 

The second chapter is devoted to the continued fraction expansion 
(by the method of Lagrange) of some well known functions. All 
expansions given in this chapter are special cases of a general 
expansion derived at the beginning of the chapter. 

In the third chapter there is a short consideration of further 
methods for deriving rational function approximations to functions, 
leading to a series of approximation formulae for computing certain 
well known functions. 

In the fourth chapter are considered the generalized continued 
fractions proposed by Euler. Examples are quoted showing the 
possibility of further generalizations of continued fractions which 
permit the approximate solution of algebraic equations of arbitrary 
degree. 

The author expresses deep thanks to L. A. Liusternik, Correspond- 
ing Member of the Academy of Sciences of the U.S.S.R. 

The author is greatly indebted to A. F. Lapko, editor of the 
State publishing house of technical-theoretical literature, who 
very attentively read the manuscript of the book and introduced 
a number of essential corrections. 


Institute of Education, 
Ioshkar-Ola 
September 1956 


CHAPTER I 


CERTAIN PROBLEMS IN THE THEORY OF 
CONTINUED FRACTIONS 


§ 1. Convergents 


1. The development 


bo + 2 





SUBE 


is called a continued fraction. 
In view of the unwieldiness of this notation, various authors have 
proposed other ways of writing continued fractions, for example 


Nope Uu. ca eL o ren: 
| | be | bn 

ee ser, Miller; (1.1) 
b ba bn 

р a (Rogers [81]). 


bi + ba t + bn RU 


1 Numbers in square brackets refer to the list of References given at the 
end of the book. 
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We shall use the latter notation. Sometimes, for conciseness, we 
shall also use the following notation proposed by Pringsheim [76]: 
D : = | . This notation fulfils a function in respect of notation 

ey 
(1.1) very much the same as that of the notation У a, with 
regard to а + аз +... n 

Often it occurs that in the continued fraction (1.1), aı and bı are 
constructed according to a different law than that which obtains 
for the remaining 44 and by. In this case Pringsheim [76] used the 

г а ay |” 
notation D —, 2 : 
by bd 

The fraction an/bn is called the «^ partial quotient of the con- 
tinued fraction (1.1); я» and bp are the coefficients of the continued 
fraction; a1, a2, аз, ... are called its partial numerators, bi, ba, 63, ... 
— its partial denominators. 

We shall assume that all coefficients of a continued fraction are 
finite. We shall assume that all partial denominators of a continued 
fraction are not equal to zero. 

The terminating continued fraction 

„лї. Жж Ls Га 
бу + ba +... 4 Ba О» 
is called the nt? convergent (reduite) of the continued fraction (1.1). 

2. We derive the relations connecting the numerators and 
denominators of three consecutive convergents. From the definition 
of a continued fraction we have 




















Po _ bo Pi _ 6061 + а1 
Оо h^ Q1 bi ' 
Р be 
P pe edu ciet 
05 a2 bibo + a2 
Dip 
be 


= bobibe ҮР boas = @162 ` Рі -+ agPo 
bibo + a2 boQ1 + a200 ` 








Assume that 
Pu = buPa-ı + а, Ри, 


On 0. -1 | dun 2. 


(1.2) 
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Then 
Р, = bnPn-1 + anPn-2 


О» i baQn—-1 + AnOn-2 





We prove that relations (1.2) are valid when и is replaced by 
^ + 1. For this we note that in order to progress from Р,„/0 
to Pn+1/Qn+1 one must replace by by б» + (@n+1/bn41.) Then 


An+l 




















baPn-i + Pins 

Ры" TEN beufx gene? 

= => =, 

Qn+1 M = а n+10a + an+1Qn-1 
п+1 


Consequently equation (1.2) is valid for all integer n > 2. 
Relationships (1.2) were first established by Wallis [104] and 
were considered in detail by Euler [14]. In this work Euler, for the 
first time, uses the expression "continued fraction” (fractio continua). 
In order that relationships (1.2) should be valid for и = 1, we 
put, following Euler, Р = 1, 01 = 0. 
3. We shall use the following scheme: 


ay a2 an 

b du ү a 
Ur Бе Жылы 

1 bo Р, Р» Р» 

0 1l Q1 Qe О» 


to indicate the computation of the successive convergents. 


For example, for V 2 we have the following expansion and 
convergents: 


= - 1 

V2=1 + (V2— 1) = 1 + — 

| | 1 + v2 

1 1 1 1 1 1 

ae ОЩЕ eee Se UE. «me ue Rode 
7 17 41 99 239 

5 12 29 70 169 


10 15 1:4 1:417 14138 1:41429 1-41420 
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4. Inorder to study the behaviour of the convergents we consider 
the difference between two successive convergents Р»/О» and 
Pa-ı/On-ı- We have: 


Pa Pa Ze PaQna = OnPn-1 


Qn Qu On-ı0n 


Substituting for Pa and Q» with the help of equation (1.2), we 
obtain 





Р Pr- l 
z m. Dës Da + anPn-2) Oni — 


Qn Qn-1 B Qu-10a 
— (bnQa-1 + 42Qa-2) Pn-1] = —an EC 


Applying the same transformation to Р»-10»-ә — On-ıPn-2, we 
obtain 























Р» Pasi Pa-20n-3 = On-2Pn-3 
—— — == (— 1)? anan-1 
О» Qa Qa-10n 
Repeating similar transformations, we have 
Pa = Pa - (—1)#а ae Р»-зО»-4 р On-3Pn-4 
Qn | Qua ONSE Qu-1Qn 
PoQ-1 — QoP-1 
= (— l)” Gaga ... р — —2————— 
(—1)* anan-ı 1 ESCH 
a. = 
= (== Anan—] ...4 
пӣп-1 1 боло, 
Thus. for any positive integer n, we have the equation! 
Py _ Ра (ан 4109 ... An (1.3) 
Qn = Qna Qn-10 0 
Le. 
PuQn-1 == OnP n-1 = (— 1) 41892... an. (1.4) 


1 The validity of formula (1.3) may casily be verified by an appeal to 
the method of mathematical induction. 
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In particular, from (1.3) we have: 


Pi Po = a1 
01 Оо 0001 ` 














Adding these equations and remembering that Po/Qo = bo, we 
obtain: 


Р» ay 4189 4199... An 


Se e e eo AUS 





5. We now study the behaviour of the convergents more deeply. 
With this object in view we consider the difference between two 
convergents, the difference of whose indices is equal to two. Re- 
placing n by n + 1 in (1.3), we obtain: 


Pay КЕ Pa з (—1)* a1a2 ... Anant 
Qni О» О»О»+1 





| (1.6) 


since (—1)"+2 = (— 1)”. 
Adding (1.3) and (1.6), we have: 











Pan ` Pay _ (- 1)» 41295... An ( antl _ 1 ) 
Qnti Qai О» Qaa Qai 
4142 ... Ay 


(4210231 == Qn44). 


абыш Г сыен кш el 
( Ол-1©»©О»-+1 
Substituting for Q441 in the numerator of the right hand side 
of this relationship with the help of equation (1.2), we obtain 
Pati = Pa-ı MET 8143 ... gab d (1.7) 
Оъ+1 Qaa Qa-1Qn41 
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6. At this point we relate successive convergents of odd order, 
Replacing и by 22 in (1.7), we have: 


























Parsi Pai _ 182... Aarbar+ı 
Os Фәал. ОО 
In particular, 
Рз Р, МИ 41a2b3 
Ge Q9 ORs” 
Ps Ра _ а1йаойзйлбь 
Qs в Qs ' 
Baku Para 0 4142... зэк 
Os Qna о О»к-1@эк+1 
Adding these equations and remembering that 
Es = bo + = ; 
Qı bi 
we obtain 
Dat ыб ay _ 419263 ` й1й2й3й405 _ 
Озк+1 bi 0103 0305 
102 ... agkbak+1 


U 5^ баба —— (1.8) 


7. We carry out analogous calculations for convergents of even 
order. For this we replace и by 2k — 1 in (1.7). We have 


Pay _ Paz ааз... азк-102к 


Qor Ока Qox-20»x 








In particular, 
Р, Po = aıba 





Qs Qo  QoQs 
Ра Р» = 4102304 
Q4 Qe Q204 
Poe Рэк-2 _ ацйр...йок-10эЕ 





O2 Е O2x-2 O2x-202x 


Adding these equations and remembering that Po/Qo = bo, we 
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obtain: 

Pox aıba 41420304 4103 ... Aak-ıbar 

ЗЕ Cl dc cp gr , сурш 
Oak S QoQ» 0204 О2ь-2Оэк ) 


8. Let all the coefficients of a continued fraction be positive. 
In such a case the denominators of all its convergents are positive. 
Then from (1.9) it follows that the convergents of even order 
generate a monotonically increasing sequence. But from the form 
of the continued fraction (1.1) it is clear that all its convergents of 
even order are less than до + (21/21). Consequently, when all the 
coefficients are positive numbers, the convergents of even order 
generate a monotonically increasing sequence, with, as an upper 
bound, the number бо + (aı/dı). Such a sequence has a limit. 
Hence lim Рэк/Оэк exists. 


k—oo 


Further it follows from (1.8) that when the coefficients are 
positive numbers the convergents of odd order generate a mono- 
tonically decreasing sequence. But from the form of the continued 
fraction (1.1) it is clear that all its convergents of odd order are 
greater than бо. Consequently, when all the coefficients are positive 
numbers, the convergents of odd order generate a monotonically de- 
creasing sequence with lower bound ёо. Such a sequence has a limit. 
Hence, lim Pax-ı/Q2x-ı exists. 


k—-o 


Thus, for any natural А, the inequalities 
P P Рәк— Dat 
2k lim Pod ml 22ка 
Ü2k no О?к ` ke Qzk-i Qox-1 
are satisfied 1. 
From this it does not yet follow that 








(1.10) 





._Pıx ._ Рә 
lim —— = lim ; 
Кю Ü2k ` koe Häk-A 
1) It is consequence of (1.6) that for any & we have 
Pax Рәк-\ 


< 
Ок Qer-1 


(if all the coefficients of the continued fraction are positive) and thus 








D 





Qor Оек 


Thus the middle inequality in (1.10) is valid. 





Р Poer- 
iin (b. ш 


ke 
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In the general case the following situation prevails 





Gas EE 
Po Pa Pox . Pox Е Px-ı Pai Ps Р, 


б On SOR C 0E ^ lud Qar Oy Ol 


Applying this remark to the continued fraction expansion for 
4/2 we see, for example, that 
7 3 41 


99 
= 2, u— 2<——, а : 
= < У <> 29 < V Sms and so on 





In this way a continued fraction provides a means for estimating 
an irrational number in terms of ordinary fractions. 
9. If 





P Рәк— 
im i nao 
koc Qok ` koe Ок 
ie. if 
" Р» 
1m —— 
noo Qn 


exists and is finite, then the continued fraction is called convergent. 
In this case, with positive number coefficients, its value 


P 
К = lim —* 


721—090 О» 





is greater than any of its even order convergents and less than апу 
of its odd order convergents. With this, it follows from (1.3), that 











P, 4142 ... an 
K— — |< ——,, 1.11 
On On-10n ( 
and thus, in this case, the identity (c.f. (1.5)) 
a1 a2 an 
b+—- — — = 
° bi + bg +... + ba +... 
a1 4142 4142 ... an 
Shipa к ш: ыр у a c ел... (TD 
0+ 70501 Q0: C Euge i) 
is valid. 
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Seidel [88] called series and continued fractions satisfying 
equation (1.12), eguivalent. 


§ 2. Transformations of Continued Fractions 


1. We multiply am, bm and am+ı by an arbitrary finite number 
pm(m = 0, 1, ..., ^, ...), differing from zero. It is clear that as a 
result of this, the value of the continued fraction is unaltered. 
Therefore the following identity is valid: 





aı az an 
b em in en = 
D P er ean Де бш Че 

= by + 211 Ф1рэвэ Za Batz (21) 


fibi + #262 +... + Baba +... 


With this Pı and О, are replaced by 21Р} and 2101 respectively; 
Р» апа Qo = by pipePe and 212205, N Py and On = by pipo d ФР» 
апа pipe 255 paQn- 

By means of this transformation all partial denominators bı, ёз, ... 
of the continued fraction (1.1) can always be made positive. 

2. With the help of transformation (2.1) we reduce the continued 
fraction (1.1) to a form in which all partial numerators are equal 
to 1. For this, we determine ру, fo, ... to be such that the equations 
$141 = 1 and $a-ifa4a = 1 (n = 2,3, ...) obtain. Then 





1 a1 a2 
Р = —, $22—, фз = te ` 
a1 a2 4143 
49224 ... A2k-2 183... йок—1 . 
oxi XL UM E pox = SS = eee m$ 
4143 ... A2k-ı @244 ... йок 


hence, 


OHO) УТ = 


204 ... A2k 
1 
pilbeps)(PaPs) — (Вафа) = ann 


Expansion (1.1) becomes 


1 1 1 1 
Dee de UCM MEME 
| «| | «з +... Б акт | az +... 2:2) 
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where 
«о = бо, 


4914 ... йок—0°ок—1 


028—1 


103 ... Gok—1 (& = 1, 2, ee) (2.3) 
4349 ... G2x—1b2k 
ок = —————————————— 
204 ... йок 
With this Po, and Q2x are replaced by 
P 
2k and Ок 
204 ... A2k 204 ... йок 
respectively; Рәк+1 and Q2x+1 by 
Рәк+1 Озк+1 
————— and —— 
4143 ... @2к+1 4103 ... A2k+1 


Continued fractions of the form (2.2) are called ordinary continued 
fractions. In most courses of analysis only ordinary continued 
fractions are considered. Lagrange [42] even asserted that all re- 
maining continued fractions have no real interest since they are 
easily reduced to ordinary continued fractions. But such a reduction 
in many cases results in a very complicated expansion, and there- 
fore it is not possible to be wholly in sympathy with Lagrange's 
statement. 

The numbers ол, aa, ... are called the partial denominators of the 
ordinary continued fraction. 

Ordinary continued fractions with positive integer partial 
denominators are called regular (regelmäßig) (Perron [73]). 

For ordinary continued fractions, expansion (1.8) becomes 


1 ag ER «ок+1 
Жеди сыз ee rn 


Q 00 00 ^ QaaQmkma — 7 


and expansion (1.9) becomes 


oa «л «2k 
Quos QUI ОО 


3. With the help of transformation (2.1) we reduce the con- 
tinued fraction (1.1) to a form in which all partial denominators 


К = a + 
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are equal to 1. For this we put р» = ПИ (n = 1, 2, ...). The 
continued fraction (1.1) becomes for фо = 0 


IL pd — А 2.4 
ee d uo d pam (2-4) 
where 
ay an 
=: = -——— = 2. 3: ...). 2.5 
CL bi Cn bn aba (n ) ( ) 
In this Р» and Q; are replaced by 
P, Qn 
DER мт, Фе. 
И С Biba ба 


respectively (c.f. the second paragraph of this section). From the 
construction of the continued fraction (2.4) it follows that 


1 1 
су=——, Cn = (n = 2, 3, ...). (2.6) 


Kal һ—1® 





4. Daniel Bernoulli [10] proposed and solved the following 
problem: to find the continued fraction the convergents of which 
are the prescribed values Ko, Kı, Ко, ... any three successive con- 
vergents not being equal. One can assume that К р is the numerator 
of the nth convergent, so that the denominator of the latter is 
equal to unity. From this the coefficients of the required continued 
fraction are determined uniquely. 

Let the continued fraction sought for have the form (1.1). Then 
equation (1.2) may be transcribed as 


bo = Ko, 
bobi + a1 = К), Ьу = 1, 
bnKan-1 + авКл- = Kn, bn + an = 1 (n = 2, 3, ...). 


From these 


Ки PE Ka Kn E Kn-2 
= K, — Ko, = br = nn. 
a , „А. Ka-ı — Kn- "o Ks — Kor 


Therefore the required continued fraction may be written down 
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in the following form: 











Kı-Ko Ka-—Kz Kn-1— Kn 
K gees Kı-Ko Ke—Ki Къл — Ka 
* 1 К2- Ко Е. ES Kn — Kn-2 + ' 
Kı-Ko Ka-Kı ° Kn-1—Kn-2 77 
Le. 
Kot К —К Ki—Ke (Kı — Ko)(Ka — Кз) 
0 
1 + Ke—Ko + Кз- Ki Sa, Ze 
(Ka-2 => Киз) (Ka-1 x К») (27) 
yak Kn — Ka кз 


We construct, for example, the continued fraction for which 
Kn = 1/(# + 1) (n =0,1...). We have: 

















NE Des C Vë | 
к=1+-— : 3 2 > 4 
a rg. 1 
( 1 1 | 1 ) 
n—1 n—2 ^ n+! Е 
1 1 B 
ox = —— +.. 








(n — 2)(n — 1)n(n + 1) (n — 1) n(n + 1)(n + 2) 
—2 —2 
(n — l)(n + 1) n(n + 2) 
1 
2 
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The derived continued fraction satisfies the equation K = 1 — 
— 1/(1+ К), ie. К = Eil + К), whence К = 0. On the other 
hand lim Pa/Qn = 0. 


Too 

5. IE Ko, Ki, Ks, ... are taken to be members of a certain sub- 
sequence of the convergents of expansion (1.1), then one says that 
the continued fraction derived in this way is a contracted form of 
the continued fraction (1.1). 

If Ko, Kı, Ka, ... is taken to be a sequence including, in particular, 
all convergents of expansion (1.1) then one says that the continued 
fraction (2.7) has been derived by means of an extension of the con- 
tinued fraction (1.1). 

The operations of contraction and extension were introduced by 
Seidel (88] although special cases of them were encountered already 
by Lagrange [42], [43]. 

6. Put, in particular, 
= P 2% 


К, = : 
2 Оз» 





From (1.2) we have: 
Pon = banPan-ı + Q2nPan-2, 
Pan-ı = ban-ıPan-2 + @2en-1P2n-3, 
Pan-2 = ban-2Pan-3 + 42n-2P2n-4. 


Multiplying these equations by 525-5, banden-2 and — dän 102a 
respectively and adding the derived products, we have: 


bon—2P2n = (denben—2 + banban-ıdan-2 + &2n-1022) Pan-2 — 


— d2n-102n—2025P 22-4 (и = 2,3, ...). 


Similar relationships connect Ог», Qan-2, Qan-a. The derived re- 
lationships connect the numerators and denominators of three 
successive convergents of the contracted continued fraction. There- 
fore (c.f. (1.2)) the coefficient of Pon—2 divided by 554.9 is the nth 
partial denominator of the contracted continued fraction, and the 
coefficient of Pgn-a divided by 5549 is the nth partial numerator 
of the contracted continued fraction. Moreover 


P2 р, аб» 
Os. VE EE 
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From this the partial numerators of the continued fraction become 


429364 444506 A2n-242n-ıban 


be ` by 777 ban 


and its partial numerators become 


9162, — 








bibo + a2, 





(b2b3 + аз) ba + baa4 (6465 + аз) be + bade 
be ` ba SN 


(ban-2ban-ı + 424—1) ban + dan-2a2n 


bon-2 





"5 yo. 


Applying transformation (2.1) to the contracted expansion, we 
obtain: 





ay az an 
bo + — + — UE = 
Pt? hy. Oe coule Вт 
= bo ae aıba 428304 
0109 + a2 — (6263 + аз) ba + 6244 — 
94956266 





— (6465 + as) be + 5446 d 


425—262n—102n—402n 
.. — (Ön-aban-ı + 42n-1) ban + 62242, — ... 





(2.8) 


In particular, let 6, = x (n = 1,2,... Then equation (2.8) 
becomes 


а1 a2 an a1x A243% 


ра Sy D t ap (аз + a4 + x?) x — 











а4а5х 42n—202n—1X? 
D 
— (as + ав 4- x?) x — ... — (an-ı + Gon Ех — ... 
i.e. 
ai da an 1X 23 
x + ж -+...+ E +... а + x? — аз + аа + x3? — 
4445 A2n-2A2n-1 





— . (29 
— ау + 4g +X? —... — dag-1 + don + X? — ... er 
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This example shows us that contraction does not always result 
in an equation between two expansions. Indeed when x = 0 the 
left hand side of equation (2.9) has no meaning, but the right hand 
side is equal to zero. 

In particular, for 4/2 equation (2.9) becomes 





1 1 1 
E „шы Ss - 
v *2424224. 
2. d 1 
E E ep Ee | 2.10 
Qi ee асе а en) 
1 7 41 239 
1 5 29 169 


7. Putting now Kn = Pon+1/Q2n+1, we have from (1.2) 
Ponti = dan+ıPan + GantiPen-1, 
Pon = bnPan-ı + азһРәп-2, 
Pon-1 = b2an-1P2n-2 + 42n-1P2n-3. 
Multiplying these equations by 524.1, dan+ıdan-ı, —Aandanıı 
respectively and adding the products obtained, we have: 
ban-ı Pan+ı = (aan+ıdan-ı + ban-ıdandan+ı + 4262.41) Роһ-1 — 
— azn—142nb2n+1P2n-3 (%=2,3,...). 
Similar relationships connect Q»441, Oan-ı, Q2n-3. Moreover 
Pi = bob, + ai 
Qi bi | 
From this the partial numerators of the contracted continued 
fraction have, in the notation of equation (1.2), the form 


aıaaba 434405 A2n-142ndan+ı 
bobi + 01, I feo › t5 UE UU pem AR жж 
bi b3 ban-ı 





and its partial denominators have the form 


(6162 + a2) b3 + diag (bab4 + ад) bs + baas 


b sch 
1› bi , bs DH 





(ban-ıban + 422) bansi + ban-ı@2n41 





ban-ı 
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Applying transformation (2.1) to the contracted continued 
fraction, we obtain: 





2 az ал bob, + a1 

ba = 

"x bo +. Ва +- bi — 
414263 43040155 








— (bib + az) ba + лаз — (baba + aa) 65 + bags — ... 
42n—162n02n-302n-1 
SS (ban-ıban + azn) бол+ + ben-idens1 — ... 
its convergents are 1/0, (Борт + a1)/b1, ... and so on. 
From the latter remark, one can consider every continued 
fraction of the form (1.1) in which 69 = 0, in two ways; as having 
a convergent of zero order equal to 0/1, or as having a convergent 
of zero order equal to 1/0. 
In particular let b, — x (n = О, 1, ...). Then equation (2.11) 
becomes 





‚ ОЛ) 














an 
ill = ея. 
at x? aao% азадх? 
= x — (az + аз + х2) x — (ал + a5 + хә) x —... 
A2n-142n%° 
| ... — (azn + бәла + 32) —... 
ie. 
an 
С лы, 
a, + x2 aiaz a3a4 
= x ~ az + ag +x? — a, +} a5 +x? —... 
u A2an-142n (2.12) 


азл + aims tn 
In particular, for 4/2 equation (2.12) becomes 


1 1 1 1 
1+ 2 = — 


pae a E 
1 5 29 169 985 
0 2 12 70 408 
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If we had not known that the right hand side of this equation 
had been derived by means of contracting the left, then we would 
have obtained the convergents: 

5 1 1 1 1 
<= => => — — : (2.13) 
2—6—6-— 6 —..— 6 —.. 

0 5 30 175 1020 

1 2 11 64 373 





We shall find the value of the latter continued fraction. For this 
we express the continued fraction 
2 1 1 1 
6 — 6 —...— 6 —... 


in terms of expansion (2.10): 





2—1 1 pu 1 | 
2. Teenie 
2 1 1 
4/2 — 1 6—6-... 


Then the value of the continued fraction (2.13) is 


5 5 5 


2 Уи 2V2-1 





5 = 
== (2V2 + 1) = 0-714286.3-828843 = 2.73459. 


The convergent of the fourth order of continued fraction (2.13) is 
а 2.73458 
373 7 | 


We call the value K of the continued fraction 


ay a2 An 


ba + ba tet bn fe’ 


from the assumption that Ро/Оз = 0/1, the ordinary value of the 
continued fraction. Correspondingly we speak of ordinary convergents. 
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We call the value K of the same continued fraction, which is 
derived from the assumption that Po/Qo = 1/0 the singular value 
of the continued fraction. Correspondingly we shall speak of singular 


convergents. 
We shall use the notations 
o a an 
by + b2 +... + bn +... 
and 
Rai mm аһ 
= b + bi +... + bn +... 
For example 
5 = 5 1 1 1 
Ee Bays ee. „зше Bud , 
7 | Sees 2—6—6-—..—6—.. 
5 1 1 1 
WENDE ek re — | 
ш 2—6—6—..—6-—.. 
In relationship (2.11) and (2.12) the sign of equality should be 


replaced by the sign & 
8. We produce the contracted forms of continued fraction (2.2). 
Transformations (2.8) and (2.11) become in this case 
pie 1 1 1 
a = 
i a + ag. +. ae 


«a «A L226 


four aias + | — (agag + 1) «4 + az — (asas + 1) «e + од — 











&2n-4X2n (2.14) 
.. — (a2n-2&2n-ı + 1) «2a + ®оп-9 — ... 
and 
M | А 
а P Ev, 
ER 
я ада + 1 «3 105 
ES oi — (aaz + 1) аз + ai — (озод + 1) «5 + ag — ... 
22n—-38%2n41 (2.15) 





in (&2n-192n T 1) 2+1 + 21-1 ——.... 


respectively. 
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§ 2] 
9. We produce the contracted forms of continued fraction (2.4) 


where do = 0. Transformations (2.8) and (2.11) give 
CoC3 





Cl Сә Cn = С] 
ЕТ... 1 +... I+oa — 1 + сз + са — 
сас Con—2Con— 
465 2n—2C2n-1 (2.16) 
— 1+5 + ce —...— 1 + Caon-1 + Con — 
and 
D мв. мш ш. ew 
I+1+..+1 +... 1-1+o+co— 
Cap Сол—1С 
304 2n-1C2n (2.17) 
— l+eqa+e5 —...— l + Con + Соз: — 
respectively. 
10. We now consider further identity transformations of the 
continued fraction (1.1). We write the identity 
ay ag бо C1 сә, 
=— — — 2.18 
1 + d + d2 +... ( ) 


K=b+— — 
a, 

and discuss the relationships which exist between the coefficients 
of these continued fractions. For this we denote К by bo/(1 + К!) 








Then 
boKı 
К = bo + —— — bo = bo — = 
oT ТЕЁ: 0 0 К. 
b bocıd 
BEE 0 SE 06192 
1 + 1 Cıda d 
Kı Ki + с145 
But according to (2.8) 
PN cıda Cacada 
" dida 4+ св — (dads + сз) da + daca — 
C4€5dodg 





— (dads + cs) dg + dace — 


C2n-2C2n—102n-4d2n 








(day. 2don-1 + €2u—1) den A- den-2Cen — 
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Consequently 
bocıda 
K = b = = m M 
£ (41 + а) da + с — 
сәсзйл Card 206 





— (4243 + сз) da + әса — (dads + cs) de + date — ... 


Con-2C2n—149n—-4don 
... — (don—2dan-1 + Сэп—1) don + don—2Con — ... 





(2.19) 


But, on the other hand, K satisfies equation (2.8). From this, 
assuming that as a result of transformation (2.1) corresponding 
coefficients of continued fractions (2.8) and (2.19) are made equal, 
we have: 
— bocidz = ал02, 
сасз4а = a2azba, (2.20) 
C9n—2€2n—102n—4d25 = Aan-2A2n-ıdan-aban (и = 2, 3, vee) 
and 
с142 + dida + ca = 6162 + йз, 

(den-2dan-ı + с2т-1) den + dan-2Cın = (2.21) 
= (ben—2ben—1 + 422-1) ben + 62-242 (п = 2, 3, ...) 
It is clear that in the general case equations (2.20) and (2.21) do 
not allow us to express с» and dy (и = 1, 2, ...) in terms of ai, as, ... 
or conversely an, bn (и = 1, 2, ...) in terms of с, со, ..., di, da, .... 
But this one can do with the help of supplementary assumptions. 

11. We apply transformation (2.18) to a special case of the 
continued fraction (1.1). Let 

bo = 1, €1 = 41, dn = bn, 
Cont = зп, Con = Any (n= 1,2, ...). 
Then equations (2.20) evolve into identities, and equations (2.21) 
become 
— 4109 + аз = a2 


&2n-202n + G2n+1b2n-2 = Arn-ıban + denben—2 (n = 2, 3, ...). 


§ 2] TRANSFORMATIONS 21 


From this 


х аз — a2 Gen-1 — 2an-2 G2n-1 — 02g (n 23 ) 
ı = У = = y y eseje 
ba ban-2 bon 





Hence with the conditions 


аз — a2 a5 — a4 92141 — 025 
ар = = =... = — = .... 2.22 
bi b4 bin l ) 


the identity 


ay az an 
LE — — = 
by + bg +... + bn +... 
1 а\ аз aa 2n41 aon 


e NM cc on. Ares : 2.23 
1 — by + bi + ӧз +..4 ban + ба +... er 








obtains. 

Transformation (2.23) will be exploited by us in the second 
chapter, when continued fraction expansions of elementary func- 
tions are being studied. 

12. We consider a further special case of transformation (2.18). 
Let 


бо = 1, Cn = An, don = bon, don—1 = Anben-1 
(n = 1, 2,... An # 1). 


Then equations (2.20) degenerate into identities, and equations 
(2.21) become 


— 4102 + Aybibe — аз = 6162 + аз, 


(Anban-aban-ı — 422-1) ben — 621-242. = 


= (ben—2ban—1 + 42m—1) ban + Den-edan (n = 2, 3. ...). 


From this 
алба + 6162 + 2а 
Dh a а алаа 8 
be 
byn-2dan-ıdan + 2a2n-ıdan + 2dendan—2 
Anben-ı SSeS Se 


ban-aben 


Khovanskii, The appli ation 3 
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In this way, equation (2.18) becomes 


























1+ ay da _ 1 ay a2 
bi + bz +.. d _ aiba + bribe ie be 
be 
Ga aa 15 ag 
bebgb4 + 2asba + 24462 ba babsbe + 2asbe + 2agb, 56 
baba babe 
42-1 42n 
en ban-2ban-ıban + 2a2n-ıd2n + 2denban—2 _ den _ Р 
А bon-2b2n 
i.e. 
ai a2 
Е. Um = 
F by + b2 +... 
1 4109 a2 agba 





= т — @16 + 6162 + 242 — 1 — 656364 2asba4 + 29462 — 


aabo asbes agba 
— 1 -— 646566 + 2asbg + 2aęba — 1 —... 





Aan-ıban Aanban-2 ‚ (2.24) 
...— ban-aban-ıdan + 242n—102n + 2a2ndan-2 — 1 =? 








In particular it follows from (2.24) that 


7 48 41 280 239 


5 34 29 198 169 
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For the continued fraction (2.2) (with ag = 1) identity (2.24) 
becomes 


1+ 1 1 1 _1 oa 1 
«у + ag +... an +... 1 — ао + a2 +2 — 1 — 





a4 «2 «6 


— agag + 2«з + 24 — 1 — ogasag + 2x4 + 206 — 








a4 An 2—2 
GE . (2.25 
— l —... — &2n-2X2n—19*2n + 2«2n-2 + 2aan — l —... ) 
For the continued fraction (2.4) identity (2.24) becomes 
pA а a l а 
+ 1+..-+:1 X. 1 — а +26041 — 
CS ©з ca 65 
— 1 — 263 264-21 — 1 — 265 26 +1 — 
Ce C2n—1 Сәт 
— > OO 2.26 
— 1 —...— 2en-1 + 269% +1 — 1 ( ) 


§ 3. The Transformation of Series into Continued Fractions 


1. We shall distinguish the forms in which a given power or 
numerical series may be transformed into a continued fraction. In 
§ 1 we showed numerical series and continued fractions which are 
equivalent to one another. As an example of the transformation 
of power series into an equivalent continued fraction we may quote 
the following identity of Euler [15], [16], [19]: 


Cot сах t+ cox? +... F съ" А... = 


сә c3 Ca 
——— X —— —— 
Р С\Х Сү Ca Cn-1 
1 сә €3 Ca 
E Vert DE еже E А 





WI Сә, €Cn-1 
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One can write this formula as: 











со 
У спи" = 
n=0 
Cy сә Ca Cn 
— & —H — X - 
_ 60 Co Cy c2 Cn—1 
C1 сә сз Ca 
— l+ — x — l+ — x — l+ —xr—..—1+ X —... 
co [21 сә Ca-1 


Applying transformation (2.1) to the right hand side of this second 
identity, we obtain the formula 


сәх C1C3X 
— cı + c2% — со сх — ... 





со сх 
à Съ" = co + —— 
n=0 1 





C€n—2€nX co сх 
Cn-1 + сах — ... 1 — o+cıx — 
сос? C1€3X Cn-2CnX (3 1) 
— Cıtcor — C2 + c3% — ... — Cat + сь —.. 


Since this series has been transformed into an equivalent con- 
tinued fraction, then the nth convergent of the continued fraction 
standing on the right hand side of identity (3.1) is identically equal 


to the sum of the first n + 1 terms of the series standing on the 
left hand side. 


2. For example 


%) x3 x5 x? 
arctan = x + uum 





5 7 
2 xr 
Lud Pig у е 
КС: 3 5 2 + 1 
i л Eg CT LN M | 
— — —— X SE — ———— y? |... 
a" 5 2n + 1 
ie. 
x 9x2 
arctan x — 
1 + B= gh p 5— 3x +... 
(2n — 1)? x? 





+ On + 1 — (Qn — 1) х2 +... Ba 
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From this, when x = 1, we have; 

1 1 32 52 72 (2n — 1)? 
-=1+2+2+2+2+..+ 2 Ae sues) 
2 13 76 789 

1 3 15 105 945 


(3.3) 


Expansion (3.3) was first derived by Lord Brouncker (Wallis 
[104], [105]), by transforming an infinite product in which Wallis 
had expanded л. This was the first time that a transcendental 
number had been expanded as a continued fraction. 

Applying identity (2.24) to (3.2) we obtain: 





arctan x _ 1 х? 9х2 ES 
p. 143s + 5—3 p. 
23 x2(5 — 3x2) 9x2 _ 
а (5 — 3x2) x2 + (3 — x3) (5 — 3x2) + 18x2? — 1 —.. о 
Е 5x2 — 3x4 9x2 
e 15 + 9x2? — 1 =.. 
i.e. 
5x3 — 3x5 9x2 


arctan x — x — — —— : 
15 + 9x2 — 1 — us 


x 15x + 4x3 -+ 3x8 15x — 5x3 + 3x5 
1 15 + 9x2 15 





In this way we have, as a result of the transformation of a power 
series into an equivalent continued fraction, derived rational 
function approximations for arctan x. In view of the complexity 
we shall not set out the general term of the expansion derived. 
But for expansion (3.3) we quote the result in full: 





pa 32 (2n — 1)2 = 
л 2+ 2 ap cde 2 Sp 
1 2.1 9 2.25 
= 1—2-+4+18 — 1 — 8 +4.25 +4.49 = 
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2.49 2.81 2(4n — 1)? 
Ee xs Ep c4 [be 1 = 
2(4n + 1)2 
— 8 + 4(4n + 1)? + 4(4n + 3)? — ... 
From this 
л 2 9 25 49 81 
4 _ 24 — 1 — 152 — 1 — 408 —... 


1 22 13 1426 789 
1 24 15 1680 945 
(4n — 1)? (4n + 1)? 
i 1 — 8(8и2 + 8n + 3) —... 





3. From the power series 
Ao + Aix + Ax? t+... 


one can find a continued fraction such that the expansion of its 
nth convergent in a power series will coincide with the original 
power series as far as the term containing х". Such a continued 
fraction is spoken of as corresponding (korrespondierende) (Perron 
[73]) to the given series. Customarily it is expressed in one of the 
following forms 


41% dat bo сіх Cat 


Буке. EE ; e 
LL E eee Leder dU 





Contracting the corresponding continued fractions, we obtain a 
continued fraction, the expansion of the nth convergent of which 
in a power series coincides with the original series as far as the 
term in x2". Such continued fractions are said to be associated 
(assoziierte) (Perron [73]) with the given series. The relationship 
between corresponding and associated continued fractions was 
considered by Heilermann [30]. 

4. Great importance attaches to the fact that the convergence 
behaviour of a power or numerical series and that of its corre- 
sponding continued fraction is quite different. Both may converge, 
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both diverge, or one may converge whilst the other diverges. 
Perron [73] cites an example of a continued fraction for which, as 
the argument varies, all these special cases are encountered. In this 
Perron assumes that (in the general case an unsolved problem) 
corresponding series and continued fractions both converge to one 
and the same value if they both converge. 

It is important to remark that one can even transform a power 
series with a convergence radius equal to zero into a corresponding 
continued fraction which converges in a certain domain. Examples 
of such transformations will be given in chapter II. 

5. One can express the coefficients of the corresponding and 
associated continued fractions in terms of the coefficients in the 
terms of the original power series, but these expressions involve 
determinants of high orders (Heilermann [25], [29], Muir [54], [55], 
Frobenius (23j, Stieltjes [92], Hankel [27]). This means that in 
most cases such expressions are not suitable for immediate appli- 
cation. Therefore we shall not dwell upon these formulae, referring 
those interested to the book of Perron [73], and proceed to the 
exposition of a direct method for the transformation of a given 
power series into a corresponding continued fraction. This procedure 
was in principle proposed by V. Viskovatoff [103]; we have merely 
developed a more convenient notation for this method of calcula- 
tion. 























6. Let 
К») = ало + anx + arx? + agx? +... 
apo + a01% + xgoX? + aoax? + ... 
Then 
1 
fx) = 5 = 
200 ago + %01% + apex +... Gan 
«10 ало + a11% + 12%? +... «10 
(ж10®01 — а00011) + (®10®%02 — a2) x + ... 
«оо + X 5 
оло + ar + aix? +... 
— 910 Iu 
озо + a21% + «22x? + ... 
oun d X eM == 





am | aix Fame +... 
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“10 





a20 
(a20%11 — &10®21) + (“20012 — «19x22) X +... 
аго + мах + ом? + ... 





oun + X 
оло + X 


«10 120% 130% 
ao + «о + 0920 +... 


The computations are conveniently set out in the following 
scheme: 


Here 
тт = %n-1,0%n-2,24+1 — &m-2,0%m-1,n+l- 


7. Consider for example the continued fraction expansion of the 
expression 
1—х 





i= аа 6 
We have: 
1 —5 6 
1 —1 
— 4 6 
— 2 
—12 
[—х _ 1 4x 2x 12x ` 
1—5х+6% Tele. 
o l 4x x 3x 
cpu "ZE Пф. м 1 
O 1 1 2+x 2 — 2x 





11 1—4 2-7 2— 10x + 12% 


8. Consider the continued fraction expansion of the expression 


1 
— 1). 
Per ) 


§ 3] TRANSFORMATION OF SERIES 


We have: 


1 1 3x 3x 6x Зх 9% 
1-93 Las 1 — —3 — —3 + —6 + 3 








Sh ee oe Дф uk 2 > 





1 3x x 2x x x 
1 


1 1 1--х 34x 6+3x7+x2 6 


29 





-|o 


9. Let азо = 0. Then 
010 
«21 + a22% + ... 
aio + ал15 + aix? - ... 





f(x) = 





«оо + x? 


The fraction 
аә + 9225 + ... 
оло + ax + 9192 +... 





is expanded as іп section 6, and thus we come to the identity 


«10 agx? 0315 41% 


aoo + on + sa + озү +... 





f(x) = 


The computations are set out in the following scheme: 


адо 001 902 ... 
oun X 012 ... 
0 on Q22 ... 
2) 922 623 ... 
азр O82 ona ... 
041 042 O49 ... 


11—3x 1—2x 3—8x--6x? 6—15x+10x2 6—18x%+ 182 — 6х3 
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Here 
&31 = 021011 — &10%22, 
«32 = X21412 — 010003, 


Thus, if «so = 0, then the fourth row of the scheme is derived 
by means of a displacement of the third row by one place to the 
left, the fifth row is derived from a combination of the fourth and 
second rows by means of the general rule, the sixth row - by a 
combination of the fifth and fourth, and so on. 

Exactly in the same way, if ак, о = O then the (k + 2)' row of 
the scheme is derived by means of a displacement of the (А + 1)th 
row by one place to the left; the (А + And row is derived by a 
combination of the (k + 2)nd and / by means of the general rule, 
the (k + 4) row from a combination of the (k + 3)*d and (k + 2)n4, 
and so on. The expansion in this case becomes 


_ 10 “20% 30% 


“oo + 910 + aan +... 








&k-1,0% ek, 1X? Ski. 1t оф ах 


weet span + ox-1,0 + ak, + kant +... 





10. We consider the continued fraction expansion of the ex- 


pression 
1 — 3x2 ( WAT =A ) 
——[#< —____}. 
1 — x2 — 4x4 8 
We have: 
1 0 —1 0 —4 
1 0 0 —3 
0 — 1 3 —4 
—| 3 —4 
—3 4 3 
—5 15 
2 —15 


300 
— 300.15 
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1 — 3x3 ER x? Зх 5х 25x 300x 15% _ 
1 — x2? — 4x4 "7 e Ze + —5+ 235 — i 
cod x2 3x 5% 
i= l + 1 = 3 + 
о I 1 1 + Зх 3 + 4x 
1 1 1-2 1-F3x—x? 34 4% — Зх? + 5x3 
5х 12х 3% 
+ 1 — 5 — 1 
3+ 9x + 15x? 15 + 9x + 27x? 15 — 45x3 





3 +95 4+ 12%? 15+9x+ 12x2 + 36x3 — 60x4 15 — 15x? — 60x4 


Further methods for decomposing rational fraction expressions 
into continued fractions were proposed by Kausler [35], [36], and 
Schubert [85]. 


§ 4. General Considerations in the Convergence Theory of 
Continued Fractions 


1. We have already remarked that continued fractions for which 
lim P4/Q4 exists and is finite are called convergent. The value of 


Noo 

the continued fraction is then equal to this limit. But from the 
convergence of the continued fraction it does not yet follow that 
lim Deal, is equal to the quantity which we originally expanded 
KO 


as a continued fraction 
2. If lim Della = oo or lim Delta = — оо, then the continued 


—o00 0n—oo 


fraction is called inessentially divergent. If lim Pn/Qn does not 


NWO 
exist then the continued fraction is called essentially divergent. 
The concepts of essential and inessential divergence were introduced 
by Perron [73]. 
3. The convergence of a series or of an infinite product is not 
influenced by neglecting a finite number of the first few terms. 
But for a continued fraction such an omission (excepting the 
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neglect of 69) may result in an inessentially divergent continued 
fraction. Therefore we are led to introduce the following consider- 


ations (Pringsheim [76]): the continued fraction [zl is called 
absolutely convergent if for all m >1 the SE fractions 
[=] converge. However, if for any value of m the latter continued 
ее diverges, then the continued fraction Far is called 


conditionally convergent. The distinction between absolute and 
conditional convergence was also made by Stern [91]. 

4. From this it follows that for continued fractions, generally 
speaking, it is impossible to give a convergence criterion in the 
form of a limit, as is the case for infinite series. The conditions for 
convergence, relating to a„ and фи for example, must be satisfied 
for all natural л. 


a, |” ; 
5. If the continued fraction [2] converges, the continued 
a со » 31 
fractions Ei may diverge only in the sense that reciprocals 
у т 
of the values of their convergents tend to zero for increasing у. Hence 


: ; ay |^ 
for the convergence of the continued fraction [= | there may be 
у 21 


А : ay | 
only two cases: all continued fractions || converge (absolute 
v 


m со 
x Я | ay 
convergence), or certain of the continued fractions [2] are 
y m 


inessentially divergent (conditional convergence). It remains to 
mention that Sleshinskii [5], [6], [7] understood by the convergence 
of a continued fraction also inessential divergence. Therefore 
Pringsheim [76], not being familiar with these papers by Sleshinskii, 
incorrectly reproached him with confusing the concepts of con- 
ditional and absolute convergence. 

6. We now discuss the restrictions which must be imposed on 


Dë | А [m 
the coefficients of the continued fraction L-] in order that the 
Oy 1 


latter should converge. For this we prove the following theorem 
(Koch [37], [38]). i 


The convergence of the series Y, |an] is sufficient for finite limits 
nel 
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lim Pon = P, lim Рин =P’, lim Qe, =Q, lim Ost = Q' 
no 


Kb de noo 7—oo 


to exist and for these to satisfy the relationship P'Q — PQ’ — 1. 
For the proof, we note that according to equation (1.2) 
Pon = €2nP2n-1 + Pan-2 = 
= agnPan-ı + aan-aPan-3 + ... + «Рі + Po. (4.1) 
Without loss of generality we may assume that Ро = 1. Futher- 
more, as we know, P_ı = 1. Therefore 
[Ру < lea] |Pol + [P1 = tel, 
IPel < joel [Pal + |Pol < 
ele (1 + foal) + 1 < (1 + leal. + loa), 


Pal < (1 + CHA + |жә!) YS (1 + [аъ] 1 < gl + last +... 1а 


But it has been assumed that the series > |an| converges. Hence 
со n=1 
П (1 + |en|) also converges. Therefore 


n= 


Pei OSes де: (4.2) 


n=1 
According to a theorem of Bolzano and Cauchy (Fichtengoltz 
[8], vol 1, 2. 100, Whittaker and Watson [109], Ch. 2, p. 13.), for 
Pen to have a finite limit it is necessary and sufficient that for 
every £ > О there exists a number N such that the inequality 
|Pantzm — Pan| < в is satisfied for n > N and m > 0. According 
to (4.1) we have: 
|Pan+2m = Рә» = \&an+2mPan+2m-ı + 

+ aan+2m-2Pan+2m-3 + -.. + «эп+оРеп+1| < 

< |x2n+27| |Pon+2m—1| + 

+ la2n+2m-al |Pan+zm-3| +... + |æzn+2l |Рәп+1|. 
From this, in consequence of (4.2), 


\Pan+2m т Pon| < c(|azn+2ml + [«2n-2m-2] +... + STEE 


But it has been assumed that the series У, |«n| converges. Hence 
n=1 


1 This inequality is proved by the method of mathematical induction. 
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the series У, |agn| converges. But according to the theorem of 
п= 1 


Bolzano and Cauchy 
|x2n+2m| + læzn+2m-2l +... + lazne <E (и> № | m9) 


Hence P - the limit of Pen, is finite. In exactly the same way we 
prove the finiteness of P’, О and Q’. But from (1.4) we have: 


Pon+1Qen — PanQenti = 1 (n = 1,2,...). 
Proceeding to the limit, we obtain: 


РО—РО' =1 


From this, Р»/О» has two distinct limits: P/Q and P'/Q'. Hence 
the continued fraction (2.2) diverges. ,, 


Thus the divergence of the series У, |an| is necessary for the 
n=1 
convergence of the continued fraction (2.2). 


We note that on the strength of the inequality 


n 
Ха 


ГУ < TE (1 + а) < e” (4.3) 
k=1 k=1 


the convergence of the infinite product П (14r Inl) is necessary 


n—1 


and sufficient for "pe convergence of the series Y Jan|. Therefore 
oo n=1 
one may replace > Joel by П (1 + |en|) in the conditions of the 
n=1 n=1 


above theorem. 

7. The concept of the uniform convergence of a continued fraction 
is extremely important. One can formulate it in the following way. 

If the coefficients of a continued fraction are functions of a finite 
or infinite number of variables, then this continued fraction is 
called uniformly convergent over a set E of variation of these 
variables if its convergents P,/Qn are in Е and converge 
uniformly to a limit, i.e. if for any = > 0, one can find a number 
N such that for n > N, Qn # 0 and the inequality 


Pr iim Pa 


On A->00 0, 


is satisfied over all the set E. As a consequence of this definition 


(4.4) 
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it follows that the series (c.f. (1.3)) 
Py = ( Р, Р, ) 








Ом л=м Өл Qaa 
Py ES #142... 4A 
= 20 а 5 12-1 (4.5 
TUM ge ! 
converges uniformly over E to lim Pp/Qn, since Pn/Qn is the partial 


sum of the series and lim P4/Q4 is its sum. Conversely, from the 


nc 
uniform convergence of this series, condition (4.4) follows, i.e. the 
continued fraction converges uniformly. From this definition it also 
follows that the value of the continued fraction and that of the 
series (4.5) agree with one another for any xc E, ie. that the 
continued fraction and the series (4.5) are identically equal to one 
another over the set E. 

8. The concept of the uniform convergence of a continued 
fraction helps in clearing up the question as to whether a given 
continued fraction converges to that function of which it is the 
continued fraction expansion. Before doing anything else we shall 
prove the following theorem, which is a more precise formulation 
of a theorem given by Pringsheim [79]. 

The uniform convergence of the continued fraction 

Сү Cat Cat 

CAT? CUM (сп #0; n = 1,2, ...) (4.6) 
over the set E is sufficient for the convergence over the set E of the 
continued fraction to the function K(x) of which it is the continued 
fraction expansion. 

Since the continued fraction (4.6) obtained by expanding the 
function K(x) converges over the set Е, then lim Pp(x)/Qn(x) 


exists and is finite for any хє E. Since the expansion (4.6) is 
uniformly convergent over the set E, then by definition Р„(х)/0„(х) 
(n > №) tends uniformly to lim P„(x)/On(x) for all x in E. This 


means that for all x e E lim Р„(х)/0„(х) is the sum of the uniformly 


noo 
convergent series (4.5) which is itself identically equal to the 
continued fraction (4.8) over the set E and in the given case be- 
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comes 





Рү(х) (ya €1€2 ... CA 


ERGO SAMT ET 
Ом(х) з= Qa-1(*) Qalx) 


Since the series (4.7) is identically equal to the continued fraction 
(4.6), and the continued fraction (4.6) is derived by expanding the 
function K(x), then the series (4.7) may also be derived by expand- 
ing the function K(x). But the series (4.7) is uniformly convergent 
over the set E. Hence it converges to K(x) over the given set E, 
whence lim Px(x)/Qn(x) = K(x) for all x e E. 


no 

9. Since by assumption the continued fraction (4.6) converges 
uniformly over E, then only a finite number of the functions Qn 
become zero in E. Let the set E be connected and let the point x = 0 
be an interior point of it. 0„(0) = 1 for any и since P4(0)/Q4(0) = 
= с1/1. Therefore in E there exists a certain circle, |х| < p, inside 
which not one of the O„(x) has a zero. This circle is an open connected 
set, Le is a domain. In this domain the series (4.7) converges 
uniformly, and its terms are regular (i.e. not having singularities) 
rational functions of x for n = 1,2, .... From this, the terms of 
this series are analytic functions of x for |x] « p. But according to 
Weierstrass’ first theorem (Markushevitch [27] p. 201, Titchmarsh 
[108] Ch. 2, р. 95) if the terms of a series which is uniformly con- 
vergent inside a domain |x| < p are analytic functions inside this 
domain, then the sum of this series is also analytic in this domain. 
But the sum of the series (4.7) is K(x). Therefore K(x) is a regular 
single — valued analytic function for |x| < p. 

Moreover, since when |x| < p not one of the Qa(x) has a zero, 
then inside this circle all Р„(х)/0„(х) are regular analytic functions, 
i.e. the series 


(4.7) 











P oo 
a) _ Eey- (n=2,3,...) (4.8) 
Оп(х) y=] 
P4(0 on 
converges uniformly for |x| — p. Furthermore n(0) E c 
Val) І 


с 
= Se ie. с® = (n = 2, 3, ...). 
10. According to the assumptions, not one of the Qn(x) has a 


zero for |x| < р. Therefore, when |x| <p one can expand the 
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function 1/(Qn-1(*) Qn(x)) in a convergent series for any и, and 
К„(0) = 1/(Qn-1(0) Ол(0)) = 1. Then from (4.7) it follows that 


Р(х) = Р»-1(х) — Lisch С1С9 ... Cn gn 


Qn(x) Anl) ` Qn-1(*) On(x) Е 
= (—1)%1 6162... сһЁз(х®) xnl, (4.9) 
But according to (4.8) 
Рх) Pa-ı(%) 99 
АИ У (6 — 08-0) ar, 4.10 
ON ` Bel "Zi | o 
According to equation (4.9), expansion (4.10) commences with a 
term containing х7-1. Therefore c™ = c(^^U for» = 1,2, ...,& — 1. 
Replacing n by n — 1, we have: 








c = cD [for »—1,2,..^— 2. 


Finally we obtain 


(n) — c(n-1) — — cO 
ch cf ni 
(n) — „(%—1) — = cQ 
ee ee 
n) — „(п—1) 
бл = RA 


From this, the series (4.8) becomes 








P(x) m=, (у) ер = (n), p— 
Оз(®) =2% a +2 к ы 
But from (4.7) it follows that when |x| < p 
Р(х) оо С1С2 ... Cp 
K(x) = —1)”-1-—— v1 4.12 
е) Qn(x) ER Qs—1(x) Q,(x) * ) 
(и = 1, 2, ...). 


Comparing expansions (4.11) and (4.12) we see that the power 
series development of K(x) coincides as far as the term c(?-,Uxn-? 
with the power series development of Px(x)/Qn(x). We note that 
(4.12) is not a power series, since Q, 1(x) Q,(x) is a polynomial in х. 
But letting tend to infinity, we obtain the result that when 
|x| <p 

K(x) = Depart, 
v= 


Khovanskii, The application 4 
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where У, сб) x-1 is the series corresponding to the continued 
pl 
fraction (4.6). 

In this way we have proved that if the continued fraction (4.6) 
converges uniformly for |x| < p, then it converges for |x| < p to 
a regular single-valued analytic function which we have developed 
in this continued fraction. This function may be expanded as a 
power series, which converges for |х| < p and is the power series 
corresponding to the continued fraction (4.6). Thus we have 
derived the conditions under which a continued fraction and a 
power series which correspond to one another both converge to 
one and the same function. 

We note that one can replace the domain |х| < р, by any domain 
T containing the origin. 

11. If the origin is a boundary point of the set E, then p = 0, 
i.e. the power series corresponding to the continued fraction (4.6) 
diverges everywhere except at the origin. But the continued 
fraction (4.6) nevertheless converges uniformly over the set E, to 
the function which we have developed as a continued fraction. This 
function, in the case under consideration, may be expanded in the 
neighbourhood of the origin in a divergent power series, i.e. it is 
not analytic. From this, the convergents of the continued fraction 
(4.6) are approximating expressions to a non-analytic function, and 
this, to a certain extent, provides a solution to the problem of the 
approximate computation of non-analytic functions. 

12. We have discussed the questions involved in the conditions 
under which a continued fraction converges to the regular single- 
valued analytic function in which it has been expanded as a 
continued fraction. Now we are able to put the question: under 
what conditions are two uniformly convergent continued fractions 
identically equal? The answer to this question is contained in the 
follow theorem of Pringsheim [79]. 

Ij the values of two continued fractions, uniformly convergent in a 
domain Т which contains the origin as an interior point, coincide in 
a domain S which is wholly contained in T, then these continued 
fractions are identically equal to one another over the domain Т. 

According to the theorem of section 8 these continued fractions 
converge in 7 to regular single-valued analytic functions. But 
analytic functions which are identically equal to one an other in 
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the arbitrary small domain S are identically equal to each other 
everywhere in T. Therefore the values of the continued fractions 


K(x) = Е a and Kı(x) = Е e are equal inside Т. 
2 





1? 1l 1? 1l 
From the equality of the analytic functions to which they converge, 
it follows that ci = су. Taking this into account, from the equation 
K(x) = K(x), we deduce that 


B-E ws 


for all values of x for which these continued fractions converge. 
They may not converge for certain values of x, since nothing was 
said, in the conditions of the theorem, about the absolute or 
conditional convergence of the continued fractions K(x) and Ki(x). 
But if the continued fractions contained in equation (4.13) have 
points of divergence, then they may only be zeros of K(x) or Ki(x), 
i.e. there may only be a finite number of such points in T. But since 
K(0) and K4(0) are not equal to zero, then K(x) and К1(х) are not 
equal to zero in a certain neighbourhood of the point x = 0. In 
this neighbourhood, equation (4.13) is satisfied at all points, and 


since 
ох ® c — K(x) Gi a а — Ки»). 
[ І | c Ka’ [5 











сх 1° ex Tq? , ; | 
{һеп T and SR converge in T to analytic functions. 
2 2 


Therefore ch = cg. Continuing this process, we see that с» = сь (n = 
==, Ж). 

From this it follows, taking into account the assumptions stated 
at the beginning of this section, that both continued fractions K(x) 
and K(x) must be infinite. 

13. We now discuss the connection of formulae for expanding 
functions in continued fractions, with the theorem set out above. 
Expanding the quotient of two power series Fı(x) and Fa(x) as 
a continued fraction we have: 


Ех) Io ex e 
Ех) =|: І IR ыа) 


If the continucd fraction standing on the right hand side of this 
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equation converges for some value of x, then it does not yet follow 
from this that the value of this continued fraction is equal to the 
value of Fı(x)/Fa(x). (Most of the examples described in papers of 
the 18th and 19th centuries were restricted to formal expansions of 
this type.) 

But from the theorem of section 8 it follows that if the continued 
fraction occurring equation in (4.14) is uniformly convergent in a 
certain neighbourhood of the point x = 0, then in this neighbour- 
hood its value coincides with the value of Fi(x)/F»s(x). 

It is clear that this remains true when one of the series F(x) and 
F(x) is equal to unity. 

But if Р(х) and Р(х) are polynomials, then the continued 
fraction (4.14) terminates. Therefore in the theorem of section 8 the 
function K (x) must be non-rational, otherwise the continued fraction 
(4.6) will terminate, which contradicts the assumptions of the 
theorem. cx ® 


14. Let the continued fraction K (x) = Е be uniformly 
т+1 


convergent in a domain 7 containing the origin as an interior point. 
Then according to the theorem of section 8, Km(x) converges in T 
to a regular single-valued analytic function. 

Denote the convergents of the continued fraction K(x) by 
Pim, n{*)/Qm, n(x). Then, in particular 


Pn, о(х) 0 Pin, 1(х) Em+1% 





Олох 1’ Oma) 1 


Непсе 
Pm(x) _ Qm,o(*) Pelz + Pm,o(x) Pm-i(2%) 
Qm(*) ` Qm,o(x) Qm(x) + Рт,о(х) От-цх) ` 
Further, according to (1.2) 
Datz) Е 1.Р„(х) + стих Рљ-л(х) 
Qmai(X)  1.0(ә) + Cm+1% ©т—1(%) 
_ Ve, tal Рт(х) + Pm,ı(%) Pe Al 
` Qmi(x) От(х) + Ba, DI От-1(х) ` 








| ы 





Let 
Pmek(x) _ Ve, rix) Р(х) + Pm, (х) Pm-ı(%) 
От+к(®) ` On, vz) Om(x) + Ba, kal От-ц(Х) 
(k = 0, 1, ..., n). 





(4.15) 
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Then 
Рт-т-(х) _ Рт+п(х) + стула Pm+n-1(%) _ 
Om+n+1(%) Om+n(x) + Cm+n+1% Om+n-ı[%) 


Qm, n(x) Pm(x) + Pm,n(x) Pm-ı(%) + Cmtn+1% X 
T (Qm, n(x) Рт(х) + Pm, n(x) Pm-ı(&)} 
2 Qm, n(x) От(х) + Pm, п(х) Om-ıl%) + ст+п+1х X 
X {От,п-1(х) Өт(х) + Pm, n-1(X) От-1(х)} 





{Om, n(X) + Cm-n+1%0m, n~1(x)} Р(х) + 
= + (Pm, n(x) + ©т+п+1Х Pm, n—1(x)} Pm-1(%) 
E (Qm, n(x) + Cm+n+1% Om, n-1(X)} Qm(x) + | 
+ (Pm, n(x) + Cm+n+1% Pm, n-1(%)} От-1(%) 





But, as a consequence of (1.2) 
Om, n(X) + Cm+n+1% Qm, п-1(х) = Om, az), 
Pm, в(х) + стих Pm, n-i(X) = Pm, nx). 


Consequently, equation (4.15) is valid for k = n+ 1. From this, as 
a consequence of the principle of mathematical induction, it is 
valid for all natural values of и. Thus 





(x) 
Pm+n(%) = aes Qm, n(x) u 
От+п(х) Pm, n(x) 
От(х) + "Os eto) Om-ı(%) 
But 
lim Zur) каа, 


no От, n(x) 
since, from the notation, Pm, n(x)/Qm, n(x) is the nth order convergent 
of the continued fraction Kn(%). Therefore 

nso QOm+n(*) ` От(х) + Km(x) G-A) ` 


The expression standing оп the right hand side of equation (4.16) 
loses meaning when 


От(х) + Qm-1(x) Km(x) = 0. (4.17) 





(4.16) 
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But since the right hand side of equation (4.16) is an analytic 
function, then equation (4.17) obtains only for a finite number of 
points in the domain T. Otherwise 


х 
Kn(x) = — Dal 
Qm-1(%) 
Le. K(x) is a terminating continued fraction. 
At the points at which equation (4.17) is satisfied, it is not 


possible that the relation 
Р„(х) + Pm-ı(%) Km(x) = 0 
should also be satisfied, since it would then follow that 
Pm(%) _ Pma(x) 


Oml) G-A) ` 
which is impossible according to the assumptions of the theorem. 
Therefore the roots of the equation (4.17) may only be poles of the 
analytic function (4.16), i.e. points of inessential divergence of the 
continued fraction K(x). In this way we have proved the following 
theorem (Pringsheim [79]). 


со 


| сх 
The uniform convergence of the continued fraction [=] in a 
т+1 
domain T having the origin as an interior point, is sufficient for the 
с Ox |” 
uniform convergencein T of the continued fraction K(x) = Е ; T , 
2 


with the possible exception of a finite number of points x’ of inessential 
су ox |^ у 7 
divergence. The continued fraction [2 xd converges in the in- 
2 


terior of T to a single-valued analytic function K(x), regular in T, 
except at the points x’ which are poles of this function. 


§ 5. Convergence Test for Continued Fractions with Positive 
Coefficients 


1. In the preceding section we saw that the divergence of the 
series У; |n| is necessary for the convergence of the continued frac- 


n=1 
tion (2.2). Seidel [87], and independently of him Stern [95], proved 
that for positive an(m = 1, 2, ...) the divergence of the series 
У an is necessary and sufficient for the convergence of the continued 


> 1 


fraction (2.2). 
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We have already demonstrated the necessity of the condition. 
We now prove that it is sufficient. In the given case 


01 = &1, 


Q2 = ааг + 1, 


Озь = eexQex-1 + Qox-e, 

Q2k+1 = «әк+10җәк + Оэзк—1, 

an > О (и = 1,2,...). 
Hence 
Оз > 1, Qa>1,..., Qk 1; Qa > «у, Os > а, ..., Hat > о. 
Therefore 

Оә > Оэк— + «уход, Оэк+л > Qok-i + «ок+1. 

From this 


Or > «(жо + x4 +... SE (5.1) 


Os > «ү + аз + ... + ак. 


Thus, since the divergence of the series У, oa implies the divergence 


n=1 
oo со 
of at least one of the series У, хәр, Di «ski, lim Q2kxQ2k+1 = oo. 
k=1 k=1 k—oo 


In this way, taking equation (1.3) into account, Seidel's criterion is 
established. 
2. Opperman [63] proved that the divergence of the infinite 


product П (1 + a») is necessary and sufficient for the convergence 
n-1 


of the continued fraction (2.2) with positive coefficients. On account 
of the inequality (4.3), this test coincides with Seidel's test. 
3. According to Seidel's test, the expansion 


converges, since the series 2 + 2 + ... diverges. 
The continued fraction 


1 1 1 1 
хз. XM +... 
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converges when x > 1 and diverges when 0 < x < 1, since the 


со 


series У, x” diverges when x > | and converges when 0 < x < 1. 


n=1 

4. When о, «2, ... are positive integers the continued fraction 
(2.2) converges since the series, the terms of which are positive 
whole numbers, diverges. 

In exactly the same way, when a; > 0, ag > 0,... and lim an > 0 
the continued fraction (2.2) converges. кее 

We note that the convergence of a continued fraction with 
positive coefficients depends on the divergence of a certain series 
ie. upon the behaviour of the whole ensemble of coefficients, and 
not upon each one of them. Therefore the convergence of continued 
fractions with positive coefficients is absolute convergence. 

5. Using relationships (2.3), we arrive at the following con- 
vergence theorem of Seidel (Stern [90]). 

The divergence of at least one of the series 


© oda... 025-1 >  doda4 ... Gan 
У ——— ban, У ————— фи (5.2) 
п=1 4284... Gan n=1 4143 ... @2п+1 


is necessary and sufficient for the convergence of the continued fraction 
(1.1) with positive coefficients. 
6. From the relationships Милов < (un + vn)/2, it follows that 





the divergence of the series У, М Untn is sufficient for the divergence 


n=1 
со со 
of at least one of the series У 44, У, Un, since 
n=1 n=1 


со 


У Мило» <4 EÈ Ha + $ У vn. 
=1 n=1 n=1 


n= 


Putting uzn = «2a, Ven = «2541, We have from equation (2.3): 


banbantı 
Ugnlan = => vy 
2541 


eo 


b b oo oo 
У eee БУ ОЗЕК Y РР 
1 


n=1 Gentil п=1 n= 
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Putting Aas 1 = azn, 725-1 = 224-1, we have from equation (2.3) 


ban-ıdan 
Моп—102%-—1 = — — — — 
An 


2n—-1¥2n 
X | ens <$ Y «з» + $ Dam-ı. 
n=1 aon n=1 n=1 


Thus 
n-19r ay ay 
—— < Deen + У 42n-1 = Don — — 
n=2 an n=1 n=1 2 n=1 2 


by-10 
Hence (Pringsheim [77]), the divergence of the series Y ‚Var ae 
n=2 
is necessary and sufficient for the convergence of the continued 
fraction (1.1) with positive coefficients. 
From this test, for example, the expansion 


М1 311+ o = 


EN 2 2 
2+2+..+2+. 


converges. 
7. We note that if 


az an 


К =b 
eh, -+ bn +.. 
then 


Gi аә an 
—by + —be +... + —bn +... 


Therefore all convergence criteria relating to continued fractions 
with positive coefficients are easily extended to continued fractions 
in which all partial numerators are positive and all partial denomi- 
nators negative. 

8. Identity (2.24) frequently permits the transformation of one 
continued fraction into another in which all coefficients are positive. 
This sometimes enables us to apply convergence criteria relating to 
continued fractions with positive coefficients to continued fractions 
with arbitrary coefficients. 


—K = —bo + 
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§ 6. Convergence Test for Continued Fractions with 
Arbitrary Coefficients 


1. Let numbers 71, 72, ... satisfy the following conditions 
1) 71 |1 + 221 > |с, 
2) r2 |1 + c2 + cal > c3, 


3) rell + сп + сп+ > *afn-2 |En] + |en+il (n > 3), 
4) уһ >20 (и > 3). 


(6.1) 


Scott and Wall [86] assume further that the numbers 7; and 72 
are non-negative, but this already follows from the first two 
conditions (6.1). 

By cı, со, ... we shall understand the partial numerators of the 
continued fraction 


Pan ee M (6.2) 
pe is i a ee xS uds 
From condition 3) of (6.1) the equation 7, = 0 is possible only 
when с»+1 = 0, i.e. the continued fraction (6.2) terminates. There- 
fore from condition 3) of (6.1) it follows that if (6.2) is to be an 
infinite continued fraction 











1 + сь + Car [Сп] 
In < = А 
Cn In |En] 
i.e. 
1 + св + сы 
О < Yr- <| ———————— 
Cn 








By imposing various restrictions upon the numbers 71, ғә, ... 
and c1, сг, ... one can obtain a series of criteria which are sufficient 
for the convergence of the continued fraction (6.2). 

2. We prove the following theorem (Scott and Wall [86]). 

If the numbers vi, vo, ... satisfy the conditions (6.1) and the series 


со 


Y 7172 ... fà converges, then the continued fraction (6.2) converges and 
n=1 
furthermore satisfies the inequality 


К <1 + Xi ra. Ул. (6.3) 


n=l 
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From condition (6.1) it follows that 
Q2 = 1+ c2 5 0, Оз = 1 + c2 + c3 40. 
We put ¢n4iQ@n-1/Qn+1 = da, then 


сә 
1+ ca 


єз 


41| = EE ZERO 
Шш | + c2 + сз 


< 72. 














| <n, 19| = 


But from equation (1.2) we have for the continued fraction (6.2) 


On+2 = Qna T €n42Qn, 
Qn+1 = On + €n310 2-5, 
On = Qna + CnQn-2. 


Multiplying the third of these equations by —сь+ and adding it 
to the first two, we obtain: 























Qn+2 = (1 + свн + €n«2) On — Cnn+10n-2. (6.4) 
Then when ск+ә Æ O, 

1 Qre2 || 1 + cet + Case CkCkkYQk-2 | _ 
= == = — n 9———— = == 
[daa] Ck+2Qk Ck42 ск+2Ок 

l + ск+1 + Ck+2 Ck+1 
Ck+2 Ck+2 











Let Озы 550 and dal Srn when и = 1,2,...,k (k 
Then 


V 
MS 


Ck+1 








УК—1. 


dg ^ Ск+2 


1 = 1 + Ceti + Ck+2 | _ 
Ck+2 











Since we have assumed that the continued fraction (6.2) is infinite 
then 7444 > 0. But according to condition 3) of (6.1) 


ук |l + Ceti + ск+?| > Ук+1Ўк—1 |Ск+1| + |cx+2l. 
Therefore 


1 


Ук+1 


Ck+L 


Ck+2 


Ck+1 


Cki2 


1 
ТЕ =--——_ > 0. 
Yk+1 





WE 














E 
Ida 
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Consequently Ox+2 Æ O and |Фк+1| <7x41. Thus for all positive 
integers n we have the inequalities Q4 4 0 and |4,| < ғ». 
But solving for dn we have 


с200 c2 


























d = == D since == = 1. 
i Qe 010» Qo = 01 

4142 = % c3Qı = c2c3 | 
0102 Оз 00% 
сәсз — CaQo C2€3C4 

diac Е | 
Hd 0203 Q4 0304 

u C2 Can cl CnQn—2 Cn+1Qn-1 _ Cag +. Cnt 





902 Qs a On Qnm бабы ` 
But according to (1.6) 






































Po Р; Рз Pa 
ке ee Bs ca E 
К Q1 ks Q Qi Qs Qe 
Dat Pa c2 сеа 
one podio d = 1 NN SA 
2 Qna Qn T: Si 0102 Ze 
mS Oe +. = 1 + 1810 + 414 + ... 
NEN 








... + 19142... dal +... <I + Sinn, Ta, 
n=1 


Therefore if the series У, 7172 ... *& converges, then the series (1.5) 
n=1 
converges, which proves the convergence of the continued fraction 
(6.2), and that it satisfies the inequality (6.3). 
3. Искә = 0 then Око = Uri Æ О апа dr = 0, i.e. [dpr] < 
< Укы. 
Непсе 


IK| < 1 + И + 14142] + ... + Made ... ан, 


i.e. the continued fraction (6.2) converges. Therefore we have the 
following theorem (Scott and Wall [86]). 
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If numbers i, v2, ... fulfil conditions (6.1) and at least one of the cn 
is equal to zero, then the continued fraction (6.2) converges. 

4. Now let су, ce, ... be functions of a certain variable. Then the 
terms of the series 


e Gem 


will, as before, satisfy the relationships 





Р, 
Q1 


Ps Pı 


= Pat _ Pn 
' | Qa Qi 


Ou Qn 


= |4149 ... dal < 7172... Ул. 


= |d| < 71, ees, 














But the following convergence test of Weierstrass is known. 


If, over the set E, the terms of the functional series У, n(x) 
n=1 


satisfy the inequality |w4(x)| < gn (n = 1, 2, ...) where gn are the 


terms of a certain convergent numerical series У, gn, then the series 
n=1 
У ип(х) is uniformly convergent over E. 
n=1 
Hence the series (6.5) is uniformly convergent over E. But by 
definition the continued fraction (6.2) is uniformly convergent over 
E. 


Therefore we have the following theorem (Scott and Wal [86]). 
If numbers v1, ra, ... fulfil conditions (6.1) and the series > 7172 . 


converges over а certain set Е then the continued fraction (6.2) 2) converges 
uniformly over E, and satisfies the inequality (6.3). 

5. A particular choice of the set E may be based on the following 
theorem (Scott and Wall [86]). 

The set of conditions 





— 1 
hl lax Pn (n = 2,3, ...) (6.6) 
pn-ipn 
where фл, pa, ... are the terms of a certain numerical sequence, is 


sufficient for the uniform convergence of the continued fraction (6.2) 
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and for the inequality 


IKI < T i dedi 
pi—! > 
l+ E (i — s — 1) (Ba) 


to be satisfied. 

From the inequality (6.6) it follows that if (6.2) is to be an 
infinite continued fraction then the inequalities $4 > 1 (n= 
= 2,3, ...) obtain. 

Theinequality (6.7) goes over into equality if cn = (1 — pn)/(pn-1p2) 
(n = 2, 3, ...). For the proof of the theorem we put (ра — l)/(Pa-1pa) = 
= і, and consider the continued fraction 


1 


Em 








tg 


Lip 


~ 
— Y 


Denote its nth convergent by G„/Hn, and put fife... рН, = 
= Н, (п =1,2,...); Но = 1. Then the relationship Н» —Ha-1— 
— tnHn-2 becomes 


Н» = buHa-i — pnpn-itnHn—-2 = Bal Au — (fa — 1) Hae 
(n = 2, 3, ...), 
whence 
— UU au — Ha-2) = 
n — 1)(#в-1 — 1) ... (£2 — (Hi — Ho) = 
= (Ёа — 1)(bn-1 — 1)... (62 — П(фаН: — 1) = 
(bn — !)(bn-1 — 1)... (2 — 1)(ф1 1) > 9, 
(n = 1, 2,...), 


2 


since Hı = 1. Hence Hh > Hh- >... > Ho = 1 and H470 
for n = 1,2, .... 
Now we put in the theorem of section 2, 
EH n-1 


tn = n=1,2,...). 
: На 





Опе may transcribe equation (6.4) as 
Aan = (1 — iq — HEEM Haa — tn—ttnH n-3 (n > 3), 
Нұ = 1 — і — із H= | — tə. 
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Multiplying this equation by £441/H 441, we have : 


in+1Hn-ı in-ılnin+ iH 4H n-3 





о UU GER 
taHı toHo 
ig — (1 — t — t3) ——, te=(1—te) — (Но=Ну=1), 
з= ( 2— ts) 77, 2= ( 2), (Но 1= 1) 


Le. 
Ул (1 — th — fa Al = IYnfn-2in + tat (n > 3). 

72(1 — te — із) = із, Yıll — tə) = to. 
But according to condition (6.6) |cn] < tn. Therefore 
71 |l + ce] > 71(1 — [62|) > rı(ll — £2) = t2 > leal. 
r2 |1 + c2 + сз| > 72(1 — [62| — |сз|) > 72(1 — tz — t3) = ts > cal, 
7ъ |1 +¢n + Cia] > rail — |сл| — |Ст+1|) Zr — № — tar) = 

== faf n—2ln + tng. 2 f af n—2 |En] + |С»+1| (n z 3). 


Thus the numbers 71,72, ... fulfil conditions (6.1). Further 














= to nee fat) c 
7172 ...Ул = ШЫН == 
(2—1) (3—1... (Рањ 1) fi(f1—D)(f2—1)..($a41—1) _ 
#1\Ё%Ё%-.-ФЬЁв+АН»Н пл (pi—1) H4H а 
ОКА 1 Han — На _ Р1 © м ) 
Ф117 НАНА Ф IV Hin! 


oo 
Hence the series У, 7172 ... 7n converges. Theretore from the theorem 


of section 4, the continued fraction (6.2) is uniformly convergent. 
To estimate the absolute value of this continued fraction K, we 





note that 
Se 1 1 1 
У 7172... Ув = $ (um) 
n=1 Ф = 1 \Hi lim Hy, 
noo 


From this, since 
Ha = На + (Р — 1)(f2 — 1)... (фа — 1) = 
bg E disco eed 
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we see that 


pi 
dl 





IK| <1 + 





1 l 
dé l+ E ф — 1) ($2 — ei 
hi | 
=S ке =т= 
£i | 1+ У (Pi — 1)(p2 — 1) ... ($a — ;| 


When с» = (1 — фһ)/(Ро-1ра) the ratter relationship goes over into 
equality, i.e. when 





8—1 фз—1 2—1 
к D pipe paps $a-ifa 
1 — 1 — 1 — 1 SS, iy 








(ba > 1, п = 1,2.3,...) 





we have 
pd Peet Be DER 
fi = фә алал ps aie pn TT eats 


= d ipae | . (68) 
Pi l+ E (fi 000—0) (а — 1) 


Perron [73] proved this criterion without the estimation of K 
and with the further stringent requirement that the series 








Sim — dios — 1)...(ф» — 1) 


should diverge. 

6. We now consider the case pı = 1. It is clear that in this case 
the estimate (6.7) becomes indeterminate. But when фу = 1 we 
have from the equation Hz — Ни = (1—1)... (ра — 1) (n = 
1,2,...) 


H, = Hya =... eher (a=1,2,..). 
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From this 
" 1 
pipes. fa 


We now verify the equation 


п 


Н, == (1 E Im = tn+1) Haa == tn—itnH n-3 (n > 3). 


Here it becomes 


m. depo unas e. 
fiber. Pasi Papati babayi / pi... фал 
ea к= | 
$u-sbi-ibubibe ... Pa- 


n > 3). 
Le. 
Pa-1PaPati ke pusrilpa zx 1) == Sala) = 1) m 


Po LZ snas = РЦ — 1). 


РпРп+1 Фа-1р прт+1 


Further, verifying the equations H3 = 1 — tz — із and Hə = 1 — 
— te, we have 





| , —1 fa 


Bıbabs — pipe pops ` 
1 = р1рэфз — (рә — 1s —21(23—])) (Р = 1), 


1 N фэ — 1 = 
hio i fib eS) 


Thus all the equations are satisfied. Further, when 














"UNUM 
Pipe... Pn 


we have 
1 
Yn = tnt Pipe Cen pipe ... Pati = tneipapasi = Pati — 1. 


Therefore the convergence of the series У 7172 ... 7n is equivalent to 
a) 


Khovanskii, The application 5 
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the convergence of the series 
У (Рг — D)(fa — 1) ... (Dati — 1). 


From (his we have the following theorem: 
The set of conditions 


1) pi = 1, 

$us 
2 "| ^q ,. = 2, 3, D 
(ns 9 ) 


3) the series 2 (p2 — N(d3 — 1)... (рані — 1) converges 


is sufficient for the uniform convergence of the continued fraction 
(2.4) and for the inequality 


[К sii EG — 1) ... (Parez — 1) 
to be valid. 


When c, = (1 — $«)/(ba-1ba) the latter relationship goes over 
into equality, i.e. when 

















фә — 1 рз — 1 Рп — 1 
К — 1 $2 Dada n-br 
[елуге БЧ Exoue ЛЕТ М: 
(bn > 1; n = 2,3,..) 
we have 
k=l pal фз—1 фа — | S 








1—_ 22 — фз —..— pa m Za 
= 1+ (фе — s — 1) (фен — 1. 


7. We write $4 = (2n + 1)/(n + А). From the condition р. 1 
(n == 2, 3, ...) we have 2n + 1 >n + А (n=2,3,...), ie k < 3. 
Further 

2n + 1 
$a — Lb. п Lë 
Za Af — _ 2m — 1 2n + 1 m 

nt+tk—1l atb 


— 1 
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_ (#+1—®(ж#+Ё—1) _ n®—(k—1)? 

i 4n? — | |^ 49 — 1 
From this, the condition 


и? — (k — 1)? 
= ———————— — Эла 6.9 
< 0-23.) (6.9) 


is sufficient for the uniform convergence of the continued fraction 
(2.4), whence, when k 42 





3 1 
K|I<—— | I — — |, (6.10 
К 2—Ё | 5 2—# 3— k SE ( ) 
+2 ТЕ ZER” n --k 
since 
Pi 3 _ 3 | n+1-k 
nl —Ё' Pa ~ npk 


3 2 
1 В) { ———] 
rl) 
From (6.9) it follows that А must satisfy the inequality 


4 — (k — 1)? > 0, ie. (8—A)1 + А) «0, -1<k «3. 
8. Denote the general term of the series 

















$ 2-Е 3-—k 4&--l—k 
$ = . 6 — 
nat 1+А 2-+Ё п Е 
by ив. Then 
1 + А 
+1+k =; Е 
и 
LP ад = ^" ВЕ a c а р... 
Unt nt+2—k 2— k n n2 
1+ 
n 
where 


a+ 2—k=]l +k, а: —2k — 1. 


But from Gauss’ test the series У; и» converges when 2k — 1 > 1 
n=1 
and diverges when 2k — 1 <1, ie. converges when А > 1 and 


diverges when & 1. 
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Therefore, when — 1 <Ё <! the estimate (6.10). becomes 


3 
2—k 





IK| < (6.11) 
and preserves the form (6.10) only when 1 < k < 3. 

9. When А = 2 we have pn = (2n + 1)/(n + 2), whence in 
particular фі = 1. In this case condition (6.9) becomes 








иё — 1 
ae с... 
whence (c.f. section 6) 
|кК\|<1+Ў 1 2 anb 
n RAUM CTE 
> 1 1 +6(4 Je 
Е naa ии + и +2) N4 6/ 2 


In particular, when с» = (1 — #2)/(4и2 — 1) we have: 





3 8 15 и? — 1 
з 1 35 57 79 (2n — 1)(2n + 1) 
27 tS {з= dd aes 1 u 
ie. 

Eo. 024 er d и? — 1 

Ke ee ee cere заг ы 


10. When k = $ we have р» = 2. In this case condition (6.9) 
becomes 


ld ei (n=2,3,...) (6.12) 


from which, according to the estimate (6.11), |K| < 2. Condition 
(6.12) was given by Worpitzky [107], Sleshinskii [7] and Pringsheim 
[78], but without the estimate. In particular, when с„ = —1 


bed 
Е d 4 
Jen... = 
Е. 


D 


Se? 


$ 6] ARBITRARY COEFFICIENTS 57 


ie. 
1 1 1 
1=— >= = е (6.13) 
2—2—..—2-—.. 
We note that when condition (6.12) is fulfilled, one can sharpen 
the estimate of the continued fraction. Indeed one can present 
the continued fraction K in the form 


1 
K= 





1+ ро’ 
where 
Arca Ca CA 
w = : 
WE SE E pec 
The continued fraction 
w 1 Ca Сд 


"dr її do eiu рше 


fulfils condition (6.12) and therefore |ш/4с2| < 2, whence 
bel <8 |cg|. But according to condition (6.12), |с2| <4. Hence 
|w| <2. Therefore, from the equation 1 + (w/4) = 1/K, we have 
[20| = 4|(K — 1)/К|, whence (К — 1)/K| < 1. Let К = x + £y, then 
the equation |(K — 1)/K| < 4 becomes 


2 2 
i-e ye, 3x2 — Bx + 4 + Зу? < 0, 
NCC (x el E 
SC, EE CR ee SE 


A 


бл 
АРЬЕ на 
а =) + 9 


Consequently the inequality (К — 1)/K| < } is equivalent to the 
inequality 


4 
e- 4] <3. (6.14) 
3 3 
Hence if the coefficients of the continued fraction (6.2) fulfil 


conditions (6.12) then this continued fraction satisfies conditions 
(6.14). 
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11. From conditions (6.12) follows the theorem (Van Vleck [102], 
Pringsheim [79]): 
The condition 


O<tn<g (n=2,3,...) (6.15) 


|. сг |” 
is sufficient for the continued fraction К = [-- ; w] to converge 
2 


in the circle |z| < 1/4g to a regular analytic non-rational function, and 
for the series corresponding to this continued fraction to do the same, 
and furthermore for |K — 4| < $- 
In the event the condition (6.12) becomes, for this continued 
fraction, 
|с] <ф (и =2,3,...). 


But according to the conditions of the theorem, |ca| xig. There- 
fore condition (6.12) obtains here only for those values of z which 
satisfy the inequality |gz| < ł, i.e. |z| < 1/4g, which proves the 
theorem. 


§ 7. Convergence Tests for Continued Fractions which are 
Periodic in the Limit 


1. Continued fractions of the form Е for which a Æ 0, 
yal 


lim a, = a, lim b, = b, are called periodic in the limit. Such con- 


tinued fractions are very important in the context of practical 
application. 

2. Theorem: The condition lim sup |c,| <g 15 sufficient for the 
continued fraction чы 


€ С,2 | 
LL 7.1 
| 1 1 |, v 


to be convergent in the circle |z| < 1/4g (excepting possibly at certain 
poles) to a regular analytic function, the poles of the latter being points 
of inessential divergence of the continued fraction (7.1). In the 
neighbourhood of the origin this function is equal to the series corre- 
sponding to the continued fraction (7.1) (van Vleck [102], Prings- 
heim [79)). 

Proof: Since by assumption lim sup [с,| < g, then there exists 


vo 
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an и such that for v >n the inequality |с, <g + £ obtains. 
Therefore according to the theorem of section 11 §6, when 


Co 
|2| < 1/4( + =) the continued fraction [=| converges to a 


n+1 

regular non-rational function which, when |2| < 1/4(g + e), is 
equal to the series corresponding to this continued fraction. But 
according to the theorem of section 14 § 4 the continued fraction 
(7.1) converges uniformly in the circle |z| < 1/4(g + £) (and, 
consequently in the circle |z| < 1/4g, since one can make e arbi- 
trarily small), with the possible exception of a finite number of 
points of inessential divergence, to a single valued analytic function, 
regular in the circle |z| < 1/4g with the exception of a finite number 
of points which are the poles of this function. 

3. Choosing as g any arbitrarily small positive number in the 
theorem of section 2, we arrive at the following theorem (Prings- 
heim [79]). 

The condition lim с, = 0 is sufficient for the continued fraction 


(7.1) to converge uniformly in any finite domain with the exception 
of a finite number of points of inessential divergence, to an analytic 
function which is regular in the neighbourhood of the origin, and in 
the remaining part of the domain is regular, with the exception of the 
above mentioned points of inessential divergence of the continued 
fraction (7.1), which are poles of the function. The point z = co is 
an essential singularity of this function. 

4. Now let lim с, = c #0. For the exposition of this case we 


y—oo 


shall follow the work of Pringsheim [79]. We first consider the 
convergence of the continued fraction 


EE oz 
Eu ow ure Mr 
For this continued fraction, formulae (1.2) become 
Po=0, Р = са, Pny = Pn + с2Рь р (n!) 
Qo —1, Q1 = 1, Фан = Әһ + Qnr- (n <1). 


Hence when n >1 Pais апа 0+1 satisfy one and the same 
relationships 


(7.2) 


Das = Da = IST == 0. (7.3) 
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Denote by и and и’ the roots of the quadratic equation 
у? — y — cz = 0, and assume that |w'| < |u]. Then 


upu =l, ии = —cz, (7.4) 
Therefore relationships (7.3) become 


Dar — (и + w)Da + чи Ри = О, 


i.e. 
Dau — UDr = u (Da — uDn-ı)- 
From this 
Dr — uDa4-1 = wu" (Di — uDo), 
Da-ı — UDr- = SSC ZU — ие), 
Dn- — иЮь-з = и'"-3(ру — «Do), 
Dı — «Dg = Dı — «Do 


Multiply the first of these 


equations by 1, the second by и, 


the third by и?, and so on and add these equations, we obtain 


Da == u"Do = 


== (unl + yi n-2y + 


we + uut? + url) (Di — ире); 


If here и # u’, then one may write this expression in the form 








и? йы, yn 
Da — и% = = (Di — ире). 
In particular, taking into account Ро = 0, Ру = cz, Qo = Qi = 1, 
we obtain 
4^ — ит ur — ит 
Р, = cz = — — un 
D " П 
и — u u—u 
4^ — ит ur — qu!" 4 ^11 — и’ 
£ 
On = ur + ——_ (1 и) = ur + een u = M 
ии и —– и ии 
Consequently, 
M! n 
т d deeg E 
Py и" — ит К и А 
= ии’ = w. 
Qn и = yi "+1 


From this, when Jl < |u|, we have lim Della 


n-»oo 
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When |u| = Wl, it follows from the relation и + = 1 that 
either и = и’ = } or that и and и’ are complex conjugate numbers. 
In the case и = u’ = 4 we have 


Py = —n()" Qn = (n + 1)00)" 








and 
P 1 
lim — = lim ( £ )- ; 
ie. lim (P4/Q5) = — w' as before. 
nooo 


In the case of complex conjugate и and и’, lim Рь/О» does not 


n—co 
exist, ie. the continued fraction diverges. The case |w'| > |u| is 
not possible, since from the notation, |w'| < [й]. 
5. Since и and и’ are the roots of the quadratic equation 
y? — y — cz = 0, then 


1+ МІ + 42, 0— VI 462 
2 ; 2 | 
When |v'| = |u|, the equation |1 + V1 + 4cz| = |1 — V1 + 4cz| 
is satisfied. This is possible either when 1 + 462 = О, or when 
1 + 4cz < 0 since then и and и’ are complex conjugate numbers. 
Thus in the case of the non-existence of the limit lim Pn/Qn, 


Noo 

cz is a negative real number satisfying the inequality cz < — 1. 
Consequently the continued fraction converges throughout the 
complex z-plane cut along that segment of the line arg (z) — 
= — arg (c) which joins the point (— 4c)! and the point at 
infinity and which does not pass through the origin. The continued 
fraction (7.2) then converges uniformly inside any finite domain 
lying wholly in its domain of convergence. 

6. We shall prove that the continued fraction (7.1) for which 
lim c, = c 52 0 converges under the very same conditions as those 


relating to the continued fraction (7.2). For the continued fraction 
(7.1) formulae (1.2) give 
Po=0, Disse, Рим = Р, + Cn+12Pa-1 (n > 1), 
Qo = 1, Qi =, Qaa == О» + Caas 1 (n > 1). 
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Hence when и > 1, P4,1 and Ost satisfy one and the same 
relationship 


Dati = Da = Cna+12Da-ı = 0. (7.5) 


We consider the sequence of numbers Ae и, where v > no > 0, 
satisfying the equations 


у ГА ГА 
Up + U, = Uni F 44, = l, 9694,44 = — C412. (7.6) 


We shall further stipulate that for all » the inequality Wl < |u! 
is satisfied. Making use of equation (7.6) we may write relationship 
(7.5) in the form 


Daw — (n+ + un+1)Dn + UnttnsiDa-1 = 0, 


Dai — UnsDn = Unsi(Dn — От). (7.7) 


7. We shall prove that for a proper choice of the number жо 
the sequence of numbers и, and и, are uniquely determined, and 
that as » increases without limit и, and и, converge uniformly 
in the domain of uniform convergence of the continued fraction 
(7.2). For this we assume that lim и, and lim и, exist, and intro- 


y—o00 yoo 
duce the notation lim и, = и, lim и, =w. Then, according to 
poo y—oo 


equation (7.6), и and w' satisfy equation (7.4). 
From (7.6) it follows that 


all — uy) = —С›+12, 


Uy + 6412 
Uy ö 


Zait = 


From this, taking equation (7.4) into account, follows the trans- 
formation 
Uslu — 1) — oz —uu’ + uu! + cz Gau d 


И — +1 = = 
Ur Uy 





с—с с—с 
и'(и — и) + Е u'(u — и) — ey 
€ с 


и — (u — us) u — (u — Uy) 
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po En 
; и с 
и , 
и. 
DS 
и 
(-2)-(-29) 
pel и с 





ji = (: e >) 
u 
Denote by T the domain of uniform convergence of the continued 
fraction (7.2.). According to the definition the inequality |u’/u| < 1 


obtains for all ze T. Denoting max |u/u’| by M, we have for all 
z € T the inequality 0 < М < 1. Hence for all z e T the inequality 























и с 

[ Ee M (7.8) 

и Uy 

и 

obtains. 
B. For a certain v and for all z e T, let the inequality 
pese nde d (7.9) 
u 








be valid, where for the time being N is understood to be a certain 
number satisfying the inequality 0 < М < 1. Then 


i-e 


ex Uy 
CN u 





and (7.8) becomes 


Crit 


и 
ix 7+1 do pa 








J: (7.10) 

















9. We choose an increasing sequence of natural numbers ил 
(А = 0, 1, 2, ...) such that for» > ил 


Су 
jc 
с 





< N^3(1 — №). 
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It is always possible to do this since lim c, — c. Then (7.10) 
becomes Ain 


ad Uy 
ж es 
N и 





| Ur +MN»-(1 — N). (7.11) 


и 








10. Until now we have not yet chosen «4, and have not es- 
tablished the connection between M and N. Define и», by means 
of the equation и», = Nu and put М = №. Then the inequality 
(7.9), in particular, becomes |l — (иһ,/и)| = 1 — N. Therefore 
from (7.11) there follows: 


Un 
и 


i= < N21 — N) + ND — N)? = N(1 — N), 








whence, since 0< N < 1, |1 — (un H/W)| < 1 — N. 
Putting v = no + 1, по + 2, ..., nı — 1 in (7.11), we obtain in 
exactly the same way the inequality 


Un +2 


[eo 








Un, 


< N(1 — N), | 1 — 





| = 98 < N(1— №). 


и 











But from (7.11) it follows (since in this case А = 1) that 


< №(1 — N) + N?2(1 — N)? = N?(1 М, 


1 — Un +1 
и 





апа moreover that 





| = NEN). 
In exactly the same way 
| CREER. | N*(1 — N), 





| Жїз < N2(1 — N). 





< Nat — А), = aa: 
и 
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But from (7.11) there follows: 


Val 


« N3(1 — N) 
u 








and so on. After trivial manipulations we obtain 


и 
oo Uy < N^H(1 —N) (и=1,2,...пла — n3). 








From this, denoting max |u| in the domain T by g, we have for 
yo ny 
ju — | < N*r!(1 — №4 


for all points in the domain T. Consequently in T, im» = и, 
and further и, converges to и uniformly. "99 
11. It remains to prove the same for и, апа u,/u,. But 


+ 


и — u, = (1 и) — (1 — w) = — (u — u), 


whence in T lim u,=u’, and u, converges uniformly to и’. 
Furthermore "^? 


и! u, 1—4 1—4, 1 1 и — Uy 











u Up u Ur и Up ииз 


But from the relationship 











it follows that |1/u| — 1 < 1, ie. [1/w| < 2 and |1/u,| < 2. There- 
fore Wach — (и |м,)| < 4 и — m|, whence in T lim u,/u, = w'[u, 
and u,/u, converges uniformly to «'[u. da 

12. Using the formula и,(1 — #41) = —¢p41z, which follows 
from (7.6), one can, when у < яо, determine и, as long as the 
quantity 1 — 4,41 does not become zero. In this way we have 
proved the uniqueness of и». But with the help of the relationship 
и, = 1 — и, the uniqueness of и, has also been proved. 

13. We now return to equation (7.7). Replacing и by v, letting v 
take the values m, m + 1,...,* — 1 and multiplying together 
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66 
the equations obtained, we derive 
n—1 


n—1 n—l 
П (2,1 == Ze — [I diu П (Р, — %D,-ı), 
=m э=т >=) 








i.e. 
Da — UaDa-1 = 
H 1 и! 2 44 
ee, ERA) 
Um+2 Un 


= Ит+ та... Un(Dm — UmDm-1) 
Um+1 


We shall assume that по <m < n — 1. 
Replacing n by n — 1, n — 2, ..., m + lin (7.12) we derive the 





series of equations 
Dy-1 — Un-1D 9-2 = 
D А t 
Um+1 Um+2 Un-1 
= Um+Um+2 Un-ı(Dm = UmDm-ı) ens А 
Ит+і Umi2 Un-l 
, ' ГД 
Hat Um+2 Un-2 
3 
Un-2 





Da-2 — Un-2Dr-3 = 
= Um+llm+2 ... Un-2(Dm = UmDm-1) 
Ит+1 


Vni 
Юз+у — Um+Dm = ит+1(Ют e UmDm-—1) = . 
Um+1 
Multiplying these equations by ил, 9s ua, ..., Um+2Um+3 --- Un 
respectively, and adding them to (7.12), we obtain 


Da — Um+Um+2 +. UnDm = Um+Um+2 ... un(Dm — UmDm-1) om, n, 








where 
, , ГА t £ , 

Umt+1 Ит+1 Um+2 Ит+1 Um+2 Un 

От, п = + ... m . 
Umt+1 Ит+і Um+2 Ит+1 Um+2 Un 

From this 
Р, 
= Dm + (Dm mx UmDm-1) om, ne (7.13) 


ma Y m2 .-- Un 
This is the solution of the difference equation (7.7). 
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14. We recall that by D, we understood P, as well as Qa. 
Therefore from (7.13) we obtain: 


Pa = Pm + (Pm — UmPm-1)Om,n 


Xu cm ы re = ы н, 7.14 
О» Om + (Om = итОт—1) бт, т ) 

But, according to d’Alembert’s test, the series 
У бт, п (7.15) 


п=т+1 
converges in T, since lim will < M < 1. We now show that 
"n—-o0 
as a consequence of the uniform convergence of «5/4, to u’/u this 
series converges uniformly in T. On account of the inequality 
М < 1 one can always choose д > 0 such that M + д < 1. Then 
in consequence of the uniform convergence of un/un to w'[w one 
can choose m such that, for a > m, 


























* ug pepe Mp, 
и» u 
whence 
le TOP Ит+1 Unt Ит+1 Untp E 
„n+p — $ = Www m — nae eee | > 
Aet ic Um Ип+1 Ит+1 Unip 
< (M + д)п+1-—т + (М + д)®+@—т +... + (М + ö)n+P-m < 
(М + б)®—т+1 
1— (M +) ` 


With appropriately chosen и the right hand side of this in- 
equality becomes as small as we wish throughout the domain T, 
independent of p. Thus the uniform convergence of the series 
(7.15) in T has been proved. 

15. Denoting by on the sum of the series (7.16), we have from 
(7.14): 

iis Р, = Pm + (Pm = dien Dan gen 
п—>со О» Om + (Om = UmOm-1)Om 





Hence the continued fraction (7.1) is uniformly convergent in 
any domain lying wholly in T and in which 


Om + (Ол = итОт -1)8m AD. 
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.16. We remark that the system of equations 
Pm + (Pm — UmPm-1) Om = 0, 
Qm + (Qm — UmQm-1) Om == 0, 


is incompatible. Indeed it follows from it that when om == 0, 
then Ри = Qm = 0, and when om #0 that Pm/Qm = Pm-1/Om-1- 
But such an equation is impossible because of the construction 
of the continued fraction (7.1). 

17. Further the equation От + (Om — 4mQm-1)¢m = 0 may not 
be identically satisfied in any finite domain lying in T, since 
О» + (Qm — UmQm-1)om is an analytic function of z, and therefore 
has only a finite number of zeros in T. Thus we have proved the 
following theorem: 

The condition lim c, = c #0 is sufficient for the uniform con- 


vergence of the continued fraction (7.1), with the exception of a finite 
number of points of inessential divergence, in any domain T C T, 
where T is the complex z-plane cut along that segment of the line 
arg (2) = — arg (с) which joins the point — (4с)-* and the point at 
infinity and which does not pass through the origin. 

18. We now proceed to consider the case when the continued 
fraction diverges on the negative real axis. As a preliminary we 
prove the following lemma (van Vleck [101], Ince [34}). 


1 со 
We introduce, in the continued fraction [+] the notation 
а; 11 
a, = |æ! ё. Then the set of conditions 
л л 
1) =з эрЁ < фу ое (e> 0,» = 1, 2, ...), 


2) a3, «з, as, ... not all equal to zero 
is sufficient for the existence of the limits lim Pan/Oan, 
lim Pon+1/Q2n+1. WEE 


We denote by Qm the complex conjugate of Ош. Then from 
equation (1.2) 
On = anQn-1 + On-2 
we have 


ОһО»-1 = an |On-ıl? + Ол-10»-, 


Re (QnQn-1) = |Qn-1|? Re (an) + Re (On-10 n_2), (7.16) 
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from which 


Re (QnQn-1) = 
= 1002 Re (a1) + 101? Re (аә) +... + 10-12 Re (an). (7.17) 


Let «2,41 be the first of the numbers oi, аз, ... not equal to zero. 
According to condition 2), such a number exists. Then 


Qo = Q2 = ... = Q» = 1, 
01 = Q3 =... = Оз = 0, 
Qoa == 427+1. 


According to condition 1), Re (a) > 0 (у = 1, 2,...) if a #0. 
Then from (7.16) we have 


Ке (QnQn-1) > Re (Qn-10n-2) >... > Re (03,110) = 
= Re (09,41) > 0. 


Therefore the convergents beginning with the 2th have meaning. 
Hence, according to (1.7), when n > 2» + 1 we have 











Poti Ра | _ Sait 
Оп Qn-1 als | 
But 
[«a| = |02] cos va + ? [0] sin va| < |а| cos va + |æn| Sin va = 


= Re (an)(1 + |tan val). 
From condition 1) we have 


[tan v4] < = cot e. 


л 
tan (= — e) 
2 


lan! < (1 + cot e) Re (an). (7.18) 








This implies that 


From this, according to (7.16) 
10212(1 + cot г) Re (an+1) 
№ lQn+10al Als Al i 


„ Re (Олл) — Re (QnQn-1) 
` Re (Qn+1Qn) Re fals 1) 


Khovanskis, The apple ation 6 


Pat E Pri 
Олл Qaa 














(1 + cote) = 
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1 + cote) < 


batur odd 
— \ Ве (QnQn-1) ` Re sl) 





1 1 
= ( Re (QuO 2-1) Re (Qn«2021) ) u a 8 


Thus the differences 


an 
Q2n+1 Qon-1 Qon Qon-2 


are the terms of an absolutely convergent series. Consequently 











Pons Pon-ı а Pon Pon-2 


P P 
lim lad and lim — exist. 


$1—00 Qon+1 noo 2n 








19. We estimate a lower bound for Re (QnỌn-1). When 
n — 2 > 2y we have 























Qn anQn-1 + Qa-2 onQn—10n-1 
ЗИС енга ына WE E e 
Qn-2 On-2 в On-10n-2 
From this, using (7.18), we obtain 
On | 102-112(1 + cot г) Re (an) 
Qn-2 = Re (Qn-10 al 








Taking (7.16) into account and remembering that Rei, a al > 
> Re (0%+10), we obtain the latter inequality in the form 


On Re (QnOn-1) — Re (Qn-10 Al 
On-2 Re (Q2r410 EN 


But since, by assumption, Q2» = 1, Q2»+1 = «д›+1, then with the 
help of (7.18) we derive 








gia (1 + cote). 











1 = 1 5 1 + сої = 
Ке (0,10) Ке (2+1) ^ |а| ` 
Непсе 
(1+ cote)? 





| n | 20 ——- [He(QsQn-))- He(Qn-1Qs-2)] 
:3е zeen! . 


Qu 2 
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From this 
On On 1 (toote Re QnOn-1)-Re(Qn-10n-2))+«-«} 
. < e lëtze) . 
Qn-2 On-4 
But 


[Re (0505-1) — Re (Qa-102-2)] + 
+ [Re (On-20n-3) — Re (On-30n-4)] +. = 
= Re (QnQn-1) — [Re (Qn-10n-2) — Re (Qn-20n-3)] — 
— [Re (aas Al — Re (Qn—4Qn-s)] + ---- 

According to (7.16) the differences standing in square brackets 


аге > 0; the latter summand is — Re (Q24202y41) or — Re (02,410), 
which (also on account of (7.16)) is non-positive, therefore 


[Re (QnQn-1) — Re (Qn-10n-2) | + 
+ [Re (On-20n-3 — Re (Qn-30 n—4) | +... < Ве (QnQn-1). 














Consequently, 
О» On-2 2 er E Re(QnQn1) _ i 
Qn-2 Qn-4 = = 
Thus 
al < Wal An (n even), 


lQn] < aal An ` (n odd). 


But since Qs, = 1, Оз›+1 = gët, then for any n > 2» + 2 


1021 < (1 + |1). (7.19) 
We note that 


|\Оз»+1| = |«з»+1| < (1 + |«з›+1]) et tert”, 
whence (7.19) is valid when я = 2» + 1. 
Further, according to (7.16), (7.18) and (7.19), we have 
Re (QnQn-1) — Re (0105-2) = 
= 05-105]? Re (an) 
al? 





= 102-1? Ке (aa) 


7 


1 In the case of even n the last factor in the given product is |Оз›+ә/Оз»|, 
in the case of uneven я 9» .3/0эь111. 
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> [Ве (ОһО»-1)]? Ке (an) > [Re (Q2r4+10 29) J? læn] - 
(+ la) (1 +cote)(l + Jæzs+11)242 7 
[Re (x2»1)]? [о] l&2»+ 11? |n] _ 
2 (1 + cot e)(1 + [оә»+1])242 ~ (1 + cot е)3(1 + Yam+ı]?)A? 
Е [az»+1|2 len] me 


^ (14 cot €)8(1 |а) 


From this, since e? — e® > x1 — xg when x1 > хә > 0, 











Re(QnQn-1) 


e Bettel) _ pRe(Qn-19n-2) > 


= 2(1+ cote)? Re(QnQn-1) 


2 
|хд›+1]* [æn] g Get (n > 2» + 1). 


> 
(1 + cot =)3(1 + [a25.11)? 


Multiplying both sides of this inequality by 





2(1+ cote)? 


EET Renai) 
we obtain: 
2 me M 2 d 
[1+ Zate] ве(о„Ё»-а) Bet, it. HER peo ig, A 
1а2,+1| > é |x2r+2] + 


Los [en] 
(1 + cot =)3(1 + |a)? ^ 


2 
[1+ 2(1+cote) 


la2»+1l 


] Re(Qn-1Qn-2) 





+ 


|хд›+1|? lan! 
(1 + cot e)3(1 + [ан]? ` 
Adding such inequalities with n = 2» + 1, 2v + 2, ..., we obtain 





+ 











[+ оону. Re(QnQn-1) |жәу+1|? = 
lass+ıl > Kä [ex]. 
(1 + cot є)8(1 + jaw+ıl)? кои 
From this 
[&2»1] 
R —1) 2 
е (0»0л—1) > [х›+1| + 2(1 + cot є)? 
[оу+12 ы 

x [m +i 2 lex п >> 22 + 1). 

(1 + cot е)3(1 regel an | | 


Thus the divergence of the series У; |æx| is sufficient for the 
k-l 
unbounded increase of Re (QnQn-1) as n -> oo. 
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20. We now prove that when the conditions of the lemma of 


oo 


section 18 are satisfied, the continued fraction =] converges 
oo «y 31 


(diverges) if the series X, хх diverges (converges) (van Vleck [101], 


k=1 
Jensen [34], Stolz and Gmeiner [94]). 
We know from section 6 of $ 4 that the convergence of the 


series У) «к is always sufficient for the divergence of the continued 
k-1 


1 т © 

fraction EI . Let the series У ак diverge. From (1.3) we have: 
eK 1 k=1 

1 1 1 


n Pr- 
la: Dal 10.051 005 800) 


But we have only just seen that the divergence of the series Y ax 
Е=1 
is sufficient for the unbounded increase of Re (QnQn-1) as n — оо. 
Hence it is sufficient for the convergence of the continued fraction 
1 со 
ER 
If all «y are positive, then all v; are equal to zero and we derive 
anew the criterion of Seidel. 
21. Let о, a», ... be functions of an arbitrary number of variables 
in a certain domain S. Then when the conditions of the lemma of 
section 18 are satisfied, and 0 < А < |«»+1| < В throughout the 








domain S, the uniform divergence of the series У «к in this 
k=1 
domain is sufficient for the uniform convergence of the continued 


1 oo 
fraction EI in this domain (Perron [73]). 
ah 1 
We note that from the lemma of section 18 there follows: 
Pea ue Pede 


Qn-1 oo Qn-14s2u 


= | Ри ли Psion 


Qa-142u Ов+1+2д 
1 


1 + cot e) Li 
E Ке PTUS 1424) _ Re (Qn+2+2u0 21424) 

















<( 


1 1 
= (l + cote [ - a: — lim |; 
Ке (QnQn 1) „о Re(QniziQn 1+22) 
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From this, in the case of the convergence of the continued 


] оо 
fraction Ei 
жк Ji 


Dan , Ри 
— lim 


Qa uoo Qu 


< 1+ cote | 
ке (sta Al 











But 
Re (002-1) > 


А A2 n 
‚tn X 


> te] 


If the series У, Joel diverges uniformly in the domain S, then for 


any arbitrarily large positive number M one can select such an 
n 

index m, that for all n > m the inequality У |ax| > M obtains 
k=1 


in all the domain S. Thus the continued fraction is uniformly 
convergent in the domain S. 
22. From this we have the following convergence test (Stieltjes 


[92]. 
The set of conditions 
1) ол, ag, ... real and negative, 
2) e, ag, ... not all equal to zero, 


3) the series У, ax diverges, 
k=1 
is sufficient for the uniform convergence of the continued fraction 
ve |? 
E | in any domain U of the formO<r<R, —n +e < 
ak Ik=1 
«p <a—e(e>O). 
For the proof we present the continued fraction in the equivalent 
form 
Vr eie 1 1 
— — -——— (7.20) 
«\ 
vr 


А «ә i «л В 
е2 Ai е0? |... = тб. ere 


Since 0 <7 < R then the series Y; siv diverges uniformly 


nol 
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in U. The continued fraction (7.20), divided by Му е? satisfies 
the conditions of the theorem of section 21 and is therefore uni- 
formly convergent. But since |Vr £'*?| < R, this factor does not 
affect the uniform convergence. Hence Stieltjes test has been 
proved. 

One may formulate this test in the following way: 

The set of conditions 

1) ал, ag, ... real and negative, 

2) ол, оз, ..., моча, ... not all equal to zero, 

3) the series Y, ay diverges 

k=1 

is sufficient for the uniform convergence of the continued fraction 


E oo 
ЕЗ in any finite domain lying in the complex z-plane, cut along 
ak Ji 


the negative real axis. 


CHAPTER II 


CONTINUED FRACTION EXPANSIONS OF 
CERTAIN FUNCTIONS 


§ 1. A Solution of a Certain Riccati Equation with the Help 
of Continued Functions 


1. Lagrange [43] proposed the following method for the solution 
of differential equations with the help of continued fractions. 

Let there be given a differential equation relating y and x. Let 
у = & for small |x|. Write у = &0/(1 + yı) and substitute this 
relation into the original equation. Obtain the differential equation 
connecting y; and x. Let yı — £i for small |x|. Write yı = 
= &1/(1 + yg) and repeat the same process. Combining these 


results we obtain the continued fraction expansion [2] for the 
1 


solution of the original equation. The & are most conveniently 
expressed in the form a,x”, where а, > 0. 

2. Lagrange's method for the solution of the differential equation 
does not always (expressing the matter rather mildly) succeed in 
giving the general term of the required continued fraction expan- 
sion. It is therefore of interest to consider differential equations 
for whose solution the method of Lagrange presents continued 
fractions whose general terms are known, and to consider further 
related expansions. Аз such an equation we consider the solution, 
by the method of Lagrange, of the equation of Sanielivici [82] 





Reus Ou 
TIVE 
Aub »f gy? 
(ITE E IT wla F ba) (6 + fx)’ dup 


where а, b, c, f, g, L, A, u, v are constants and л + и + > = 1. 
We note that almost all the equations, the solutions of which 
where expanded as continued fractions by Lagrange and Euler, 
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appear as special cases of the equation 
(x + «'х)ху' + (В + B'x)y + yy? = ox, (1.2) 


where o, oe, р, р’, y and д are constants. 

3. We first discuss the connection between equations (1.1) and 
(1.2). For this we the parameter и from equation (1.1) and free 
ourselves in this equation from the denominators, assuming that 
а #0, c #0. We have 


(a + bx) (c + Tele = 
= [A(a + bx)(c + fx) + (1 А — v)bx(c + fx) + 
+ эрада + bein — ву? + lac + fa). 


Dividing the right and left hand sides by ac (#0), we obtain 
after trivial manipulations ` 


EE 


f 8 b f bf 
- [2+( +——»—+» Jet 2 |у + 
с а a [^ ac 





1 el +1»). 
ас а с 


Introducing the notation 





b 

Р р ер = в, ан 09 = 2, 
Beggen Ge 
a” a” 


the preceding equation assumes the form 
(1+ 92) (1 + gx)xy' + (B+ B's — ту + yy? = 
= 6x(1 + nx). (1.3) 


When у = 0 we obtain equation (1.2) with a= 1, а =n. 
We shall assume in the meantime that y Am. 
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4. Sanielevici [82] transliterates equation (1.1) into an equation 





of the type (1.3) but with 7’ = 0, 7 = —1. We write for this 
28 КЕ 
EB ee 
Then 
A (1+ Bé&)Y’— BY 
dx = — ——d, у = dé. 
(m^ 07 рът © 


Equation (1.3) becomes 
ТАЁ X DEE ) Ag (1+ВӘ)Ү' — ВУ 
14+ —— ]{ 1+ тесе с ск шш, 
(+ t TFB 1 + BE A S 
ВАЕ т] A?£? | Y 


14+ BE (14 BE?.1 14 BE 


yY? а. ВАЕ ( Аё ) 
тп BH? (+ BA 1+ BE) 
We reduce the equation to a common denominator and multiply 
throughout by this denominator 
[1 + (B + 7'A)El-[1 + (В + па) Е + BEY’ + 
+ {—П + (B+ 74). + (В + nA)EIBE + BQ + BE)? + 
+ ВАЕ + BE) — АЗ У + y(1 + BEY? = 
= ОА + (B + 9A)£]. (1 + ВӘ). 
Write 











+[#+ + 


B+nA=0, В-+тА=—1 

and we have 
— [1 + (B+ 7’ AJSJ[1 + (В + А) ВЕ — n'A? = 

= —(1 — £BE + nBAP = — ВЕ — El + nA) = 

= — В&(1 + ВА). 

The equation, after cancellation by 1 + Bé, becomes 
(1 — HEY’ + [- ВЕ + B(1 + BE) + РАЗУ + y Y? = 8A&(1 — 5) 
Or 
(1 — 8£Y' + Ва — £ (8 — B + BB ЕВА) У + уу? = 
= 04&(1 — Ei. 
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But 
, р І 7 
Bd, m-MA=-I, АН, B=-——, 
п —1 HN 
; =. +n— + В’ "+ LN 
B—B-L8B4- fA — P nr Bw +В B n bn, 
Me n — ny 
(c.f. section 3). 
Introducing the notation 
d 
, =m, 
п —1 


the previous equation evolves to the form 








; В v yY? 
AU elt qm (1.4) 


5. We put in (1.4) 


aen 88, (1.5) 


where the constant s in the meantime is arbitrary. Equation (1.4) 
becomes 


(1 — 28)z — &(1 — £z 








s+ E + 

| ошо 
| + rer ЕЙ =” 
т.е. 





522 + (1 28): — &(1 -ar +(+ cl 


alen ek t [Ce 


s SÉ s) &(1 — £z + &(1 — 5 | = mz. 


80 EXPANSIONS OF CERTAIN FUNCTIONS [CHAP.II 


We group together those terms containing identical powers of z: 


—&1— Ẹ)z' + [ Нави e) et (E + se) а 











p? vp vsé PC 1 ) 

«| m+s yt л rct E QE 
2fs ys?£ 4 AR 
== ык d i 


this one can write down as 


—&1— &z + [BJ 8) + (— 1 — 28 4-» + 2) 82 + 














vs у ys? vB 
+[-=+з+в—»+ =, керүе ie? 
p? 285 = 
ta 2 [gei 8-0 
or 
— &(1 — 82' + [(1 В) — 8) + (—1 — 28 + v 295) + 
1 
laan + а (yvs — vB + 


+ уһа — 285 + 0°) | 60 9 =0. 
Dividing this expression by — &(1 — EI we obtain 


‚ [8—1 no mem | | 
z+( Eu eg SE EC шш ^" 








1 2 Ix 
ъа) + go] =>, 


or 











3 B—1 1 + 28 — v — 2ys | 
^ +( pou eme ) | 

1 (vs—B)(vs-B--»)l., _ 
We Lait iser RES | z?—. (1.6) 
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6. For equation (1.6) to have the same form as that of equation 
(1.4) it is sufficient to put ys = В or ys = f — v. 

We first consider the case ys = В. Then the substitution (1.5) 
becomes 


y--fa-g4 E, (1.5) 


and equation (1.6) may be written as 


"(Cr +i) as | en 


or finally 








Р Bi » ) yız? 
— D = nj, 1.7 
lt WEE mi (1.7) 


where the notation 
В =В—1, »—l—» т = у, и=т— (1—9), 


has been introduced. 
We note that 


ууз = my — В(1 — v). 


Repeated substitutions of the form (1.5’) (with corresponding 
values of the parameters) yields 


Уу =—pu—a 4 2 - 
Уу18(1 —&) — yxysé(1 — $) 
le + — (1—4) +... 


Уэп—1Ўэл©(1 SS D Узпу2п+18(1 == £) 
— beall —& + Baal — E +..." 








1.e. 
yY —-—f(1—5 + 


yng Утугё _ _Узп-1ўузл^ y2ny2nsi5 (1.8) 
—fid Bell - D +...+ Вэ„(1 Е) + Penia F у, | 
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Here the constants Ви are determined from the following sequential 
relationships 


ё=8—1, В2=В— 2, ..., в = В — п, 
Le. 
— fn =n — В. 
The constants >» are expressed in terms of » by 
vı = | — v, vo = v, v4 = | — у, ..., Von =V, V9n41 = 1 — v. 
Finally, 
yyi = my — B(Y — »), 
yiys = mıyı — Bıll — 1) = ууз — (8 — 1)» = 
= ту — 8 + В›— e my PEN 
угуз = yiys — Ball — v9) = my — B + »— (B—2)(1 —») = 
= my — 28 — v +2 + = my + 2(1 — В) —»(1 — В) = 
= my + (1 — OG — »), 
yaya = угуз — Вз(1 — >з) = my + (1 — B)(2— +) — (В — 3» = 
= my + 2 — 28 — v + В» — В» 3» = 
= my +2 — 28 + 2» = my + 20 — fi +2). 


Assume that 


Yan-172n = my + n(n — 1 — B +»), | (1.9) 
y2ny2n41 = ту + (n — B)(n 4-1—»). 
Then 


V2nil/2n42 = Üi2nily2n41 — Вэп+1(1 — venti) = 
= y2ny?2n431 (B 2n 1)» = 
= my + n(n + 1) — Ви + 1) — " + fv — Bv + 
+ (2n + Dy = my + (n+ 1)(® — B) +06 = 
= my + (nt 1)(n — B +>), 


y2nj42y2n43 = Man+2Yanı2 — Вәп+9(1 — vense) = 
= yantiyente — (В — 2n — 2)(1 — ») = 
= my + (n + ljn — (n + 1)8 + (n+ 1} – Ё + 
+ 2n + 2 + By — (2n + 2)» = 
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= my (n + 1)(m + 2) — ( + 28 + б> — (n + 1)» = 
= my + (n + 2)(n + 1 — p) — ET 
= my + (n + 1— В)(и+2—»). 


Thus the relationships (1.9) are verified. From this the develop- 
ment (1.5) becomes 


[my — AU —7)6 (htm 
1—8 +2-91-9+ 


[my + (1—8(2—»)86. [яу+21—8-+»)]}$ 


= у 











+ 3—в + 4-80-8 +... 
[my +n(n—1—B+)]E [my + (n Bin +1) 
„+ (-в@а-9 + ж +1 —B ia 


(1.10) 
But (c.f. section 4) 


1 











me e 
SE e 
E og ез E EE 
n —n n — n 
From these 
= х= (1+) = 7, 
1 ях 
age Мег У NM 
1+ 7'x 1-c- qax х7 — n) l-m-x 


Inserting these values for £ and Y in (1.10) we obtain: 


yy zig EAR 
| ux 1+ 7'% 








+ 


[my — BAL — 9] s 


+ ue. к = — "ne 
1—8 | оӊ 1+ 7х 
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t 


bm» (0 — 8» my Hall B+ 9) 77 






































1+7'х SECH 
3= 1 
+ ^ + 4-8; DA +... 
my + nin я 
1 + x 
+ (n пе + 
7 — 1 
Lyte — Borg: a) Eua 
+ 2n -1— d 
yy = — B + nx) + 
[my — В(1— ll —n)x (my — В») — mx 
1—8 + @-#(1+ + 
[my +(1—B)(2—»)}(n’—n)* [my +2(1—B+)](n'—n)x 
+ 3— + “AU + nx) +... 
[my + n(n —1—B T») — mi 
+ (2n — В)(1 + nx) + 
[my + (и — B)(n + 1—»)m — 0) (1.11) 
E 2n --1— В Te | 


7. In equation (1.3) we replace x by x*. Then y' becomes 
y'[kx*-1 and the equation transposes into 


ГА 


ху 


; + (B + В'х® mäin + yy? = 
= dxk(1 + nxt). (1.12) 


Its solution, obtained from the development (1.11), becomes 


(1 + qx) (1 + nx) 





yy = — B(1 + 72%) + 


[my — B(1 — »)](n’ — n)x (ту — В + о) (р — xt 
+ 1—8 + Q-—Bü-c-u + 
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[my +(1—B)(2—») (n'—n)x* — [my +-2(1—B +) ](n'—n)x* 
+ 3—8 +  @-Ва +) Tee 
[my + n(n —1—8 + »)iy — glach 
ect (2n — В)(1 + nx*) d 


[my + (n — B)(n + 1 — »)])(n' — п) 
+ 2n +1 — В к. 














(1.13) 


We write y = и — (В[у). With this equation (1.12) becomes 


(1 HE тат) + (B + — пряди + yu? — 


2 
— E G 4 вав — ag at Bue P Ln + nat, 
y e D 





i.e. 


(Ural + gx*) + (— B + 8'х#* — тж) + yu? = 


M +5) at + (m = E ant) at ES? 


The solution of this equation is of course obtained from the 
right hand side of expansion (1.13) by removing the term in f 
alone. 

8. Let n = 0. Equation (1.12) becomes 


xy' 


DA wan ++ Eat Her (115) 


According to (1.13) the solution of (1.15) is 


риу — B(1 —v)m'x* (my — B+ v)n’x# 
1— ê$ + 2—8 + 
+ 3— В + 4— В ы, 
[my--n(n—1—B-ry)px* ту (и—В) (ит) 
at 2n -- В + 2n+1—8 +... 


Khovanskli, The appli ation 7 


= –в+ 
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But here (see the latter part of section 4) 


8 14 , , 
my =}, jus E FEET 
7) 7) H 





Consequently, 
(уд + ВВ)хК — (yd — Bn’ + BY +n) 
IB + 2—8 + 
[уд + (1—8) — 8'))x* {у8+2(2— 8) + В) 
J 3—g + 4—8 jos 
{уд + n[(n — B)n’ + В} 
.. + 2n — p + 
[yd + (п — В) — В)" 
ch an+1— В +... 


In this case, equation (1.14) becomes 





Е 











(1.16) 


xu’ 


Ё 





+ (— B+ stin + yu? = 
= (oe Jas ZER -£ (1.17) 


It may be obtained from equation (1.15) by replacing В by — f 
and replacing д by ô + (ßß’/y). Therefore its solution, based on 
(1.16), is 


(1 + 7'x*) 


(yò + ВВ' — BB’)x* — (yó + BB’ + Bn’ + B' + wh 

















EE 1+4 + SES? + 
(уд--ВВ' Ju + Bn’ —B' —BB')x* — (yó-- BB’ Aa 4- 28 + 2p") x* 
+ 348 + 4+ +... 
(уд + BB’ + я?’ + твт + ив’) 
ec 2n + В + 
(yd + BB’ + n?n' + nf — пВ' — BB’)x* 
+ 2n 4-1-- f S NS 


But yu = yy + B, where y is the solution of equation (1.15). 
Therefore that solution of equation (1.15) tending to zero when 
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x = 0, is 
бай [yd + (1+ B) + B) (vd т — В 
y+ + gp АЕ + eer Bw + BY 
ЕЕ ВА 
25 2n 1+ В TN (1.18) 


9. Divide both sides of equation (1.15) by ai and denote (not 
to be confused with the notation for fy, yı of section 6) 
B p 7 d 


А = i, у = fi, Fr == yn " = 61. 
H 7] 7 N 














With these, equation (1.15) becomes 








1 xy’ 
(5 ck 2 > + (81 + В1х®)у + уту? = dirk. (1.19) 

In equation (1.19) one can consider the quantities я’, fi, fi, 
yı, 61 to be completely independent parameters. Letting 7’ tend 
to infinity (and thus removing it) in this equation we obtain 


xktly' 
Ё 





+ (81 + Bix*)y + узу? = духе. (1.20) 


The continued fraction expansion (1.16) relating to equation 
(1.19) becomes 

















yess cau gs Ot HB асат 
Д Б T EN — Ву s 
ис ы queste 
: 4 


l- , dh + a co 
D Hi 
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E e) (вв |а 


2n 2n + 1 
+ 
a 





op dr 








= 


Letting n’ tend to oo in this expansion we obtain the solution 
of equation (1.20) 


(7181 + В161)х* (yıdı — B)x* 








а шс QC 
[у191 — Bıll — В) (y1à — 281) x* 
$ D + BS cte 
(ài — mBi)x* — [y1d1 — fin — Pı)]x* (1.21) 
ec fi T fi Te | 


The continued fraction expansion relating to equation (1.19) 
becomes 


1 
del 
bak | ps ят 
1 





+ ва) (+ si) | x* 





+ 











fot ae f) & [ns E +61) eco) | » 




















4 
4 + tr +... 
N 
[nh + (7 + m) + #0 | 
2n 
.. + — thi + 
n 
2 
TENES 
т n 
2n + 1 





+ S + Ві + m 
7] 
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Letting 7’ tend to infinity in this expression we obtain that 
solution of equation (1.20) tending to zero when x = 0: 
duch [уд + Gul + Bi)]x* 
Ві + fi + 
(161 + В) (101 + В1(2 + В) 
+ pi + fi +... 
(181 + Вии + Pier (уда + ив (1.22) 
ec В + Bi Tes | 


10. We now consider the case ys == f — v (c.f. equation (1.6)). 
The substitution (1.5) becomes 








Ve, (1.5 


however equation (1.6) may be written as 














‚ (В-1 a) 
“5 ар 
= = ENT. 
LH о d, @ |а), 
HE у 
1.е. 
, В—1 >) 1 ( SA 
eil Е Tuc ‘Тв т + 7 22 = у, 
or finally 
Вт v1 ) yu? _ 
e UN гае EE 
where the notation 
В =В—1, ms ln n=n+ É, mı =y. 


has been introduced. 
From these 


ууз = my +v — В. 


Repeated substitutions in (1.5") (with appropriate values of the 
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parameters) yields 
yné&(1 — H 
— В + (1 —>1)# + 


yiysé(1 — £) yn-iyaé(1 — £) 
+ — Bet (Ba — v2)& +... + — Ва + (Ва — эа) +... 


vY = Pa ae 





Here 


Ва = В —1=В — 2, ..., Ви = В —– п; 
v2 = l и = у, ..., Vn =N +7; 
>л — n = 2n +v — В; 
yıy2 = туі trı — В = уу 2+ у — В = 
= my + 2(1 +v — В), 
угуз = maya + v2 — Ba = ууз + 4 {у — В = 
= my +636 В) = my + 3(2 +» — В), 
yaya = тзуз + уз — Вз = yaya + 6 +» — B = 
= my +12 + 4(› — В) = my + A3 + » — B). 
Let 
Ya-1yn = my + n(n — 1 + v — В). 
Then 
Упуп+ї = "пуп + Yn — Ви = yniya + 2n +r — В = 
= my + n? — n + 2n + (n+ 1)(» — В) = 
= my t n(n + 1) + (7 + 1)(› — В) = 
= my + (n + 1)(и + >» — В). 
Consequently, 
(my + v — В)&(1 — &) 
1-2 ВЕ + 
(my + 2(1 +» — PIE —&) (my + 3(2+ » — BEN — H 
+ 2-—8—(4+»7—fPé&é + 3—8—(6+»—$4 +... 


[ту + n(n — 1 + — B)JE(1 — 5) 
w+ n — B — (2n + vr ВЕ ban 


vi — —В-+ (8 —)6 + 
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But from section 6, we know that 
































Ree P, ELK e Eu uM a 
I+n% l +x | E ux 
Hence 
yy _ (8 —v)m —) 
Lgs — В I+nx Er 
m — %)х(1 + mx) 
(my + v — B) ETZE 
1 —m 
uu rc щш 
, (0 — 2)x(1 + nx) 
[my + 2(1 + v — B)] TENET 
if =H 
ЕЕ us 
(n' — n)x(1 + mx) 
йалыш ааа 
n —n i 
+ п — В — (2n +v — В) Pis dps 
i.e. 


yy = — В(1 + nx) + (В —)( — 9x + 
(my +» — B)(n' — y)x(1 + nx) 
+ (1—8)(1+„'җ) -2+r- mir + 
[my + 2(1 + v — B) — «)x(1 + nx) 
+ (2 — В)(1 + т) — (4 +» — An —n)x +... 
[my + n(n — 1 +» — p) — mx(1 + nx) 
wet (n — B) 4- mx) — Qn v—B)( —y)x +... 











But since 


(n — Ву - (Zu т» Dm — n) = (2n +» — B) — (n + >)’, 
pu i (B — ) 10 — o) s (n — Bly — vu, 
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[CHAP. II 
then 
yy = — В + № — Bn — va] + 
(my + v — Bm — т)х(1 + mx) 
+1—8+[@+»—ЁЮт— @ или + 
[my + 2(1 +» ëng — )x(1 + nx) 
+ 2—B8+[(4+%—B8B)y— (2+ »wIx +... 
[my + nin — 1 +v — Ber! — mel +n) TE 
wet &—f--[Qn--»—f8mwm-—(n--»wix +... 07 


Replacing x by x*, we obtain from (1.23) the solution of equation 
(1.12) 


yy = — B + [vy — 8y — "n'x* + 
(my +v — B)(n' —)x*(1 + qx) 
T 1—8 + [(2 +v — pn —(0 + »wlx* + 
[my + 2(1 + » — B)](y’ — »)x*(1 + nx*) 
+ 2-—B+((4+%—B)n— (2-+„»үх# +... 
[my + n(n — 1 + о — В) 10 — 0) (1 + тх) 
^ — В + (025 +v — В) —(n-dvwix* +... 


Dropping — f from the right hand side of (1.24) we obtain the 
solution of equation (1.14). 








a 





(1.24) 


From (1.24) with 2] = О we obtain the solution of equation (1.15) 
(my + v — В)т'х® 
= – В – ух + 
Рт t3 B- Gm + 


[my T 20 +» —8)'x* 
+ 2—68 — (2+ 0)ухЕ +... 





[my + n(n — 1 +v — б)рүх® 
er n — B — пу’ el 
Here (c.f. the latter part of section 4) 





бф 14 
225. ptos 
7) 7] 





my 
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Consequently 
vy = — B— (8 NEE 
(yó + 8' т — Вр) [yò + 2(B" + 2w — Bn’) х 
8-8 +20) + 2-8 а) +... 
[yÓ + n(B" + ит’ — Gul Le 
e + n= BIP 4 (m+ Yee rs 





+ 


(1.25) 





The solution of equation (1.15) tending to zero when x = 0, is 
obtained from (1.25) as in section 8, dropping — f from the right 
hand side, replacing В by —В and д by 6 + (88'/у). Therefore 
we have 


уу = — (P SENSE 
DÄLDÉ LÉI +n tBu)x*  (yò+BB' 4n’ +26" +281’) xt 
1+8 — (В+ 21) + 24068 — (8+3) +... 
(và + BB' + и?’ + mB’ + яви’) 
+ вв Ви... 











1.е. 
yy = — (В + q)x* + 
[y + (1 + B) HEN [yò + (2+ B)(2n' + В’ 
1+ B— (2) + 24 B—(B'+3y')xk +... 
[yd + (и + В) (ит + 8')]х® 
+ n+ B— (B Tr (na Ye + 








+ 


(1.26) 


Proceeding as in section 9, we obtain from (1.25) the solution 
of equation (1.20): 


(7161 — B1)x* 
Bi + (Bi + 2)x* + 
(yıdı — 281)x* (yıdı — nfi)x* 
+ Bit 5-3» +... В + (Bitno 1) +... 


yw = — Bi— ($i + 1)х®— 


| (1.27) 


and from (1.26) that solution of equation (1.20) tending to zero 
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when x — 0: 
[у1д1 + Pıll + В 
Bi— (1+2) + 
[у1д1 + B1(2 + B1))x* [у181 + Bi(m + 81)]x* 


| . (1.28) 
+ A- (81 +3) +... В – и И +... 


yi = — (В + Mek + 








11. We put in equation (1.12) 6 = 0, then m = 0 also. Equation 
(1.12) then evolves to the form 


xy’ 


(1 + m'a) + xk) —— + (B + bet, tg Leg yy? =0. (1.29) 





Its solution, obtained from (1.13) with ys = f is 


80—»( – 0)  (—Bw-—* 





yy = —B(1 + nx*) 











er T(2-—BU-sx-Tc 
0—8(2—»( — п) — 20 —8-c-»( — 0) 
+ 3— ê$ +o [BU +n) +. ++ 
n(n—1—B--»)(n'—n)x* (и — В) (01—20) (n —)x* (1.30) 
+ (29 — В)(1 + х) + 2n+1—8 des | 


But in equation (1.29) n and ai are equally significant. Therefore 
from (1.30) one can derive another expansion for the solution of 
equation (1.29): 


ж — aal SEH = "xk 
yy s BO d get) BU um (и —B)n — т) 














1—f + (2 — В)(1 ям) + 
(1 — B)(2— nn) — 20 —B + un я) 
+ 3— 8 + (4-—Bü-cwx +... + 
n(n—1—8--u)(n—n)x* (n—B)(n--1—4)(—)x* (1.31) 
+ (29 — В)(1 + тх) + 2n-+1—8 Te vc 


where и has the same meaning as at the beginning of this section 
and may be evaluated in terms of v by interchanging 7 and 7’: 


| В +1 Br’ 
Me 8 
non 


§ 1] SOLUTION OF A RICCATI EQUATION 95 


Besides this the solution of equation (1.29) also has an expansion 
which may be derived from (1.24) (i.e. with ys = B — v): 


yy = — В + [(v — В) — "ие + 
(v — iv — n)x*(1 + qx) 
1—B + [(2 +v — 8n — (Ее + 
2(1 +v fi — n)x*(1 + mx") 
+ 2—B8- (4-Е r — Ви — (2 оп c... 
n(n — 1 +» — A —)x*(1 + mx") 
+ 8n — B+ (Qn +» — 8) — (и +... 


Exchanging the rôles of у and 7’ in (1.32), we derive yet another 
development of a solution of equation (1.29): 





+ 








(1.32) 


yy = — B+ Ци — Bing — мА + 


(и — Ви — т)х®%(1 + х0) 
1—B + (2 + u — Ai (1 + тие + 


2(1 + a — B)(n — m)x* (Y + mx) 
t 2— В+ (4 +4 — Bm — (2 + име +... 


пи — 1+ — B — т) + n'a) 
n — Bd (Qn ta — Bw — (n+ ubt + ...` 


12. We now discuss what form the solution of equation (1.29) 
has if this solution is to be expressed with the aid of a definite 
integral. In order to accomplish this we put x* = t in equation 
(1.29), then 





+ 








(1.33) 


x dy Af dy ? dy tdy 
= T — Vt = I ` 
k dx Е dëi mad at 











and equation (1.29) becomes 


(1 + n’t)(1 + 00у + (B + ВЕ — mty + yy? = 0, 
i.e. 
; B+ В — тр уу? 
У = » У 
{ГЕИ punt 


Qi WD 1 ubt 
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We write 1/y — z. The equation becomes 


y BE В me Be y 
(14 9901 + nit (1 + qt) + mtt 


We develop the first term on the right hand side as a proper 
fraction, and have 


B+ В — т? B vn um’ 
IH t l+ 1 

















A solution of the equation without the second term оп the right 
hand side is as follows: 


ша = [(- vn un )a- 
C i 1+ mt 1+7 


= В ші —vin (1 + nt) — uln (1 + n't, 











whence 
z = COL + nt) (01 9) =. 


For a solution of the equation with the complete right hand 
side we have 
сша +l + = e 


(1 + 90 (1 + 99° 





С' = yt 8 1(1 Це, 


from which 
t 


C=y | 8-1 + 00) + st) t, 
0 


consequently 
t 


а= + йй + afte Jena e nya e vea 
0 
апа 


EB + orl + n't) 





УЕ 
[беа + ntl + 7/1 dt 


0 
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Replacing ¢ by x*, we have finally: 


em + mër + eate 





Xy —— = 
| x-k8-k(] + qxk)r-1(1 + пи 1х 


0 
1.е. 
x Nr ue) + xh 





yy = (1.34) 


zx 
k f ж7®й-| + ур) + q'xk)u7 dx 
0 


13. The expansions of the solutions of equation (1.12) were 
derived under the assumption that 7’ 47. We assume now that 
n’ = n. Then, since 

_ _ 99 о diu 189 
Е rmn WE оссе 
non п 1 


H 


we have 
lim [my + n(n — 1 — B x)! — n) = 76 + nlp + 9 — Bn), 


lim [my + (n — B)(n + 1 —)]( — n) = уд — (n — В)(8' + n —Bn). 


non 
Therefore when 7’ = у equation (1.12) and its solution (1.13) 
(with ys = В) become 
(1-1%)? E + (8--В'х#—1%х#®)у--уу% = daxk(l+yx*) (1.35) 
and 
vy = — В + nx) + 
[yo + В(В' + — Ви) (vô + BY +n — Bn) x* 





+ =, + CAUFA + 
[yd — (1 — B)(B' + — ner [yò + 2(8' + m — Bn) \x* 
+ з—8 + HO Lab +... 


[yd+-n(B’+-—Bn)\x*  [yó— (n—B)(8' +n— Ви) 
weet (2n -- B) P ух) + 24 +1 — В +... 





(1.36) 
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Besides the two limits already found, we consider the further two 


lim [(» — В) — эу] = — В — n + Bn — bn = — (В + а), 


lim [(2n + v — b)n — (n эп] = 
= my — p — + By — Bn = (n — Пт В’. 


Therefore from (1.24) (with ys = В — ») we obtain the following 
expansion for the solution of equation (1.35): 


(y + B' +n — Bn)x* (1 + mx) 
1—8- p» E 
[yd + 2(8' + 9 — fn) lxt + пд) 
+ 2—B+(n— Bye +... 
[yd + n(8 + я — Gallet) + url 
ve n — b + [(n — 1) — В1х® bue 
14. We put 8 = 0 in equation (1.35). The equation becomes 





yy = —B— (м + 





(1.37) 





(1 + xk)? = 





+ (8 + Par nPx?h)y - yy? = 0, (1.38) 
and (1.36) and (1.37) transpose into the following expansions of the 
solutions of equation (1.38): 
Pr) 

DÉI +n — Вт) (фт — Ви)  (1—8В)(8'--— Bn) x* 

















ТОВ ас + nxt) = ЗА » 
2(8' + n — Bn)x* n(B' п — Bu)x* 
+ (4— (1 + nxt) —...4 Qn — B)(1 + nxt) — 
(x — B)(B' + m — Bn)x* (1.39) 
and — 2n -1— В ++... 


yy = В — (8' Br 
(E +n — pnt nx) 208 +n — By) x*(1 + nx") 
1 — В — В'х® t 2—В+(0—В)х# c. 
"(^ +] — Golf) + nx”) 
В — n В +... 





+ 





(1.40) 
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15. We discuss what form the solution of equation (1.38) has 
when 7 #0, if this solution is to be represented with the help of 
a definite integral. In order to do this we write х# = ¢ in equation 
(1.38). Then (c.f. section 12) the equation becomes 


| Hay + (B + B't — пу + yy? = 0, 
i.e. 
pst. ESI yy? 
(1 + qt)2t (1 + nt) ° 
We put 1/у = z. The equation becomes 
‚_ e 3 
At (Е + na 
We expand the first term in the sum on the right hand side as a 


proper fraction. We have 


B+ В — 8 N a 
(1+ mf) t 1 + nt (Е m)? ` 


А solution of the equation without the second term on the 
right hand side has the following form: 


ш „|| ER 














1 + nt (1 + nf)? 
В + п — Вп 
= lnt — (B + 1) In (1 + nt) — — 
B (8 + 1) In (1 + nf) ntl 
consequently, 
B’+n-Bn 


z = CH + 10) Pte "+. 


For a solution of the equation with the complete right hand side 
we have 
_ В'+17— Вп 
Cal + gt)-871e tad = 





y | 

(1 + qu ' 
В'+7— Вт 
С’ = Hie wäit + qt)8-1 e "1+0 . 





From which 
: DEA 


C y Jen + 10) 8-1 WED dt, 


о 
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and therefore 


_ 8't»—6n : В+ Вт 
z= yte(1 + nt)-P-le (1+) jen + nt)P=le 20 c0) qu 
0 
and 
B’+n—Bn 
t-8(1 + qnte n(1+nt) 


yy = —{ 
8'-n—85 
[ea + nt)P-le "nt qi 
0 


Replacing € by zb we have finally 


В'+п- Вл 
hël + xk) B+) ЛО onn 
ПД ешш eee 
В'+п-8п 
[rt + x81 gt n2) pyk- dx 
0 








B t n—Bn 
x-ka( 1+ nuk) atl en n2*) 
УУ == z à (1.41) 


B’+n-Pn 
k Jom + трк) enl +n) dy 


0 











§ 2. Continued Fraction Expansions of Binomial Functions 


1. We put in (1.34) k = 1, В = —1, у = 0, у = 0. Then 


xs(1 +a) wx(1 +x) 
(1+) 1" 





Nez ЕЙ, 


| (1 + х) 71 ах 


0 


whence 
1 
ух ` 
DEI 


yy 


(1+ (у — rx) = уу, (1+2 = 
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Expansion (1.30) gives: 

















E ух (1—»x (1+ )x 202—»x 
Mop ея A= re os о Ол = a code 
n(n — у)х n(n + >)х 
.— 2n — (28 +1)(1 +%) -—..' 
i.e. 
e эх (1—»x Unie (2—»x 
Vp SALES Сое EE SE, 
(n — v)x (n + v)x 
.— 2 — (Qn +-:1)(1+%) —... a) 


Expansion (1.31) gives: 
] эх (tur (1—»x (2-4 )x 
lc dade 02 ч Woo 0. x 
(2 — »)x (Рух (n—v)x 
+ 5 За, „2 + 298 +1 +... 
Here (c.f. formulae (2.5) and (7.1) of chapter I) 


@+%'= 














(2.2) 


; n-tv 1 А n—v 1 
lim —— = —, lim —— = —. 
n=œ 2(2n — |) 4 пә» 2(2n + 1) 4 
Therefore according to the theorem of section 17, § 7, chapter I, 
the continued fraction (2.2) converges in the finite complex x-plane, 





cut along the negative real axis from x = — oo to x = — 1. 
Expansion (1.32) gives: 
гакі VX (1 + »)x(1 + x) 
apa 2G + (+r — 24+(34«% — 
2(2 + »)x(1 + x) n(n + v)x(1 + x) 25 
— 3+4(5+»)x о. ВЕ (28 1+ ох —.[ (2.3) 
Expansion (1.33) gives: 
| "C vx (1 — als 
мек: эх + 2—(1—)х + 
2(2 — v)x n(n — v)x 


+3 (2 rx ti. tn+1l—(n—ve +...” 


Khovanski, The application 8 


(2.4) 
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Replacing » by —», we obtain from (2.1), (2.2): 
х (l+ vx (xs (2+ )x 





(136-14 

















1+х— 2 —31+)— 2 —.. 
(n + »)х (n — v)x 
.— 2 — (a+1)(1+%) —..' 29) 
ta эх (l—vx (l+r)x (2—»x 
Ugpe c PE DE i 2. "фу. 
(n—vx (пух (2.6) 
et 2 + 2n El +... 
Pon Pan+ı 
Qon Озп+1 


(Lagrange [43]). The domain of convergence of the continued 
fraction (2.6) coincides with that of (2.2). In exactly the same 
way we obtain from (2.3), (2.4): 
УХ (1 — »)х(1 + x) 
1 ==]: Шеш = 4000 ш. 
UA ек е теи 
n(n — v)x(1 + x) 








e— n4 14-QncT1—»x —..' en 
А vx (1 + v)x 
EU cg EE 
2(2 + »)x n(n + v)x (2.8) 


+ 3—(2+)% +... + n+l (nto +... 


2. We consider for instance the continued fraction expansion 
for 4/2. For this we put in expansions (2.1)-(2.8) х = 1, » = $: 





у ya! 1 2 4 5 
sees шз mS =, уум 
о 1 6 10 156 262 





11 5 8 124 208 
1.2 1-25 1.258 1.2596 
Зи — 1 Зи + 1 


ger ee 
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1 1 4 2 7 
2 42—-— —- 5 T Bod, ae 
1—3 +2+9 + 24 15 + 
0 1 3 10 96 262 
1 I 2 8 76 208 
1-5 1.25 1-263 1-2596 
Зи + | Зи — 1 
m+ 2 +3(2n++!) +... 
1 1 24 84 180 
ЭРА. qu dro en 
) v о ng c M ou 
6n(3n + 1) u 
Sn DER 
BS 1 12 42 90 
LU Eur ues Ba esu DS = T 
о 1 т 44 806 
11 6 36 648 
1-7: 1-22 1:244 
1 1 6 30 3n(3n — 1 
à Ai 4 x „= NS 
erde A 4 Кыз 
о 1 4 22 208 
11 3 18 162 
1.33 1.22 1-284 
о 1 4 2 7 5 
Me Leia ATIS ы es dois 
1 7 10 166 262 
qd 68 132 208 
1.17 1-25 1-258 1-2596 
Зи + 1 3n — 1 | 
scm № —...” 
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1 2 4 5 3n — 1 
Bt ee E S A E T 
IEZ qe 19. nie Эн c 
Зи + 1 
+ 3(2n +1) +...’ 
1 4 10 106 262 
г 3 8 84 208 
1.33 1-25 1-262 1-2596 
12 60 6n(3n — 1) 
7 У#2=1-+— — v —— ; 
=. в. 
1 6 72 1296 
1 5 58 1034 
1.2 1.241 1.253 
р 12 42 3n(3n + 1 
iuc und. "195 dE emen xu 
2+ 2 + Од 2 Te 
1 3 18 162 
1 2 16 16 
1.5 1.125 1.395 


3. We wish to derive the even part of expansion (2.6). Гог this 
it is necessary to apply formula (2.8) of chapter I to expansion 
(2.6) and use on the other hand identity (2.1). But it is simpler 
here to reproduce all the calculations independently, as in the 
derivation of formula (2.8) chapter I. In the notation of formula 
(1.2) section 2 § 1 chapter I we have the equations 


Pon = 2P2n-1 + (n > v)xPon-2, 
Pans = (2n + 1)Pan + (n + v)xPan-ı, 
Ponsa = 2Pan+ı + (n + 1 — »)%Pon. 


Multiplying the first of these equations by — (n + v)x, the second 
by 2 and adding the resulting equations to the third, we obtain 


Pansa = (и +v +n + 1 — эм + 2(2n + 1)] Pan — (n? — v?)x?Pan-a, 
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ie. 
Pon+2 = (2n + 1)(2+ x) Pon -- (и? — 9?) Pan-2. 


Similar relationships connect Qen-2, Qon, Q2n+2. Consequently 
(Euler [21]) 





i kai 2vx (1 — »2)x2 
UBI EA ai oy е ay 
(4 — v?)x2 (n2 — v2) x2 


а риа о 


4. From (2.9) we derive 
2vx 
(Ix 
(v2 — 1)х2 (2 — 4)x? (v2 — 2) x2 


3(24-x) + S5(2 +x) -+..+ 2n 4-1)(2 4- x) +... 


== 2 + (I — »)x + 


+ 





and further 


| (1+5) +1 _ _ 
Hi KETS = 2 + х + 
D (v2 — 1)x2  (?— 4)х2 (v2 — n2)x? 





32+% + 5(2+® +... + (28 +1)2 +9) +... 
We put in this expression x/(2 + x) = z, ie. put 
22 1+2 


х = 22 + xz, х= ‚ = ; 
1—2 ]1—z 











2 
2+x= : 
1—z 


and obtain a certain continued fraction. After this continued 

fraction has been derived we shall write x instead of z. The con- 

tinued fraction then becomes 

" (1 +x) + (1 — x) 
(xy — (1 — xp 

(v2 — 1)x? (v2 — 4)х2 (v2 — n?)x2 


= 1 nn ud . 
E 3 | 5 Че sime ae 


106 EXPANSIONS OF CERTAIN FUNCTIONS ([СНАР. И 


Here (c.f. formulae (2.5) and (7.1) of chapter I) 


6—3) 
CH gr CE 
(4n? — 1) 
therefore 
| . v2 — и? 1 
lim сл = lim —~——— = — —. 
Pa: nooo An? — 1 4 


Consequently (according to the theorem of section 17, $7, 
chapter I) the continued fraction (2.10) converges throughout the 
whole finite complex x?-plane, with the exception of that segment 
of the real axis satisfying the inequality 1 < x? < oo. Hence the 
continued fraction (2.10) converges throughout the whole of the 
finite complex x-plane with the exception of those sections of the 
real axis satisfying the inequalities — oo <x < —1 and 
l <x < oo. 

5. One can transcribe the continued fraction (2.10) as 
(+2 (a 
(1+9) 601—4) 
ух (02 — i)? (02 — 4)х2 (v? — n2) x2 

| + 3 + 5 Tec 2n4+1 +... 
Replacing x by 1/x in (2.10), we obtain 

(x + 1)" + (x — 1)” 
v == 

(+ 1p @— 1) 
9—1 5—4 v2 — п? 

Зх + 5x +... + (28 +l +... 

From this we successively derive the following continued fractions: 
(x — 1) 
и ды = 
(x 4-1» — (x — 1} 
022—1 »2—4 v2 — n? 


3x + 5x +... + (2 +1) +...’ 








(2.11) 





=х+ (2.12) 


= х — у + 


(x + 1) — (x — 1) 
(к — 1)” 


2y 9—1 202—4 у? — и? 


X—v-F Se + 5x +... + (29 + 1)х +... 
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(7-14 2y 02 — | v2 —4 

















x—1 к=» + x + SK +... 
2. 42 
P DRE . (213) 
ces (up) +... 
Expansion (2.13) was derived by Laguerre [47]. 
6. When |x| > ! we have 
1 
(+ er 
x—1 à 
replacing x, v in this relation by 2x, iv, we obtain 
(2 +1 j _ г” arctan + 
їх—1/ —— i 
Consequently from (2.13) we have: 
g% этйапт y |. 2» pected ve +4 
x—v+ x + 5x +... 
2 2 
КОЧАН . (2.14) 
— + (2и + 1) +... 


For v = 4 this expansion was derived by Laguerre [47], for arbi- 
trary v it was derived by Perron [73]. Since 


2v arctan т 
. € — 1 
lim ———————— == arctan x, 
v0 2v 
then the expansion 


1 1 4 n? 
х + 3x + 5x +..+ (2n + 1)х 


can be derived from (2.14) with у = O (c.f. $6 of this chapter). 
7. Euler [21] replaced x by ғ tan in (2.11). Then 


+... 


arctan x = 


(1 + х» = (cos 9 + t sin g)” cos vp + $ sin vo 


cos’ ф = cos’ ф 





(1 + xy - (1 — xy 2: sin эф . 
S (——- = 1 tan уф 
(1 4 xr Е (1- xy 2 cos vp 
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and (2.11) becomes 


stane  (?—1l)tan?g (02 — 4) tan? 
1 — 3 = 5 ia 





tan vp = 


(v2 — n?) tan? 9 














; 2.15 
пу 2n + 1 Si AEN ( 
In particular, 
2 tan 
tan 29 = че; 
| — tan?g 
3tang 8 tan2 g tan? ф 
tan Зр = ———— ; 
1 — 3 — 1 
О Stang 9 tang (9 — 3 tan? p) tang 
1 1 3 — 8tan?g 3—9tang — — 
3 — tan? 
1 —3tan?g 


8. In conclusion we show the expansion of quadratic irrational 
numbers in continued fractions by elementary methods. Let 


Vx = а. Then 


MES ONE) чыш сору 
Consequently, 
— а? — а? 
T T чал ee І (2.16) 





2a + 2а +... 
One can rewrite this continued fraction as 
x— а? x — а? x — ar 


4a? 4a? 
Vx = а + 2 PN =. | 
= ee о 


Write (x — a?)/(4a2) = z. Then according to section 4, $ 7 of 
chapter I the continued fraction (2.16) converges in the complex 
z-plane with the exception of that segment of the real axis satis- 
fying the inequality — со < 2 < — 1}. Consequently the continued 
fraction (2.16) converges in the complex x-plane, with the exception 
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of those segments of the real axis satisfying the inequalities 


x—a? 1 
< 





— oo « = D 
4а? 4 
1.e. 
—oo«x-—a?x—a?; —cocx <0. 
Putting in (2.16) а = 1, we have 
x—1 x—1 x—1 x—1 








мх = 1. 5 | 
+2 + 2 + 2» les 


1 x41 3x--1 x?-F6x-F1  5x?-- 10x-rF 1 
1 2 x-+3 4x +4 x? | 10x + 5 





$ 3. The Continued Fraction Expansion of дух 


1. The expression (yn is often encountered in the theory of 
series and for this reason и is usually taken to be a positive 
whole number. We consider the expression дух, assuming that 
x zl. 

Replacing 1 + x by x and putting » = 1/x in (2.6) we have 




















А х — 1 (x — 1)? х? — 1 
X Ez == 1 + 
x + 2 + 3x + 
1 2x—1 x?--2x—]1 5x34 Sx? — 5х 4 1 
1 x x? +1 4x3 + 2x 
(2х — 1)(х — 1) (их —1)(x—1) (mx + 1)(х — 1) (3.1) 
EN 2 AE Е 2 + (2n+i ++. 
2x2+1123+32?—5x+1 
2x2 5x3 43421441 
From this 
x2+2x—1 | 2x3--11x34-3x?— 5x-F1 


Eu <<... 





1 ^ 2x4--5x3-L-3x?-px4-1 
2x — 1 


5x3 4 5x2 — Sx 4 1 
eg . (32) 
4x3 + 2x x 
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2. Replacing 1 + x by x and writing v = 1/x in (2.9), we have 
2(x —1) (?—1)x—1)? (4x?— 1)(х — 1)? 


Vx-—l 











х +1 — tl — 5%(х + 1) — ... 
2x2  1)(х — 1)2 
(n3 — 1)(х — 1) - 198) 
.— (Qn+1)@44+1) =... 
This continued fraction is the even part of expansion (3.1). 
§ 4. Continued Fraction Expansions of the 
Natural Logarithm 
1. We write in (1.34) k = 1, B = —1, ү = 0, y = 1 and let v 
tend to zero. Then 
1 d 1 d 
yy — lim B ан MM E Linus ND 
v0 v0 (1 + ж)” = 1 
| (1 + x)r-tdx 
0 
ji x(1 + xy + vx(1 + x) In (1 + x) x 
= [| = H 
I5 (аш (1 +x) In (1 4- x) 


With the same substitutions, expansion (1.30) gives the continued 
fraction expansion of the natural logarithm 


x x x 2% 2x 
1+*—2— 3(l +x) — 2 — 5(1 +x) –... 
их nx 

SQ = 02и. Е. DÉI +x) Ei 


With the supplementary condition и = 0, expansion (1.31) gives 
yet another expansion for the natural logarithm: 








In(1 +x) = 





(4.1) 


X x x 2x 2x их их 
42432 54, 22 E 
(Lagrange [43]). Here 

n n 1 


hie ei тү 
арори d 


Io +2) = (4.2) 





According to the theorem of section 17, § 7, chapter I, therefore, 
the continued fraction (4.2) converges throughout the complex 
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x-plane, cut along the negative real axis from x = — co to x = — 1. 
Expansion (1.32) gives 


x x(1 +x) 4x(1 +x) 


1+x — 243 — 3+5x —.. 
п?х(1 + x) 
„= в+1+ (20 + 1х —... 
In expansion (1.33), and also in expansion (1.31), we shall make 
the auxiliary stipulation и = О, then we have 


ln (1 +x) = 





(4.3) 


x х 4x nex, 
eo = ea Diem 
The continued fraction (4.4) is the equivalent continued fraction 
for In (1 4 x). 
2. Contracting the continued fraction (4.2) according to for- 
mula (2.8) of chapter I, we obtain 


In (1+2) = (4.4) 














-— _ 2% 2x? 4.452 
PUPA еа ce QS роон oo emu 
4n2x2 
... — [2(2n + 1) + »x]2 + 2(n + 1)x —...' 
i.e. 
ti" | 2x x? 4x? 
о оа cca Sea кашы 
nx 
. (45 
doc BEIDEN —... SS 
Replacing 1 + x by x in (4.5) we have (Euler [21]) 
w= 2(x — 1) (x — 1)? 4(x — 1)? 
T ep ga), e Ste + 1) E 
0 2(x— 1) 6(x2 — 1) 2(x — 1)(11x? + 38x + 11) 
Jd ab 2x? + 8x +2 6(x + 1) (x? + 8x + 1) 
9(x — 1)? n?(x — 1)? 
I se ———————À . (4.6 
— 7(x + 1) —...— (2n + 1)(х +1) — ... (29) 


20(x2 — 1)(5x? + 32x +5) 
24(x^ + 16x3 | 36x2 | 16x | 1) 
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The convergents of expansion (46) are obtained from the even 
order convergents of expansion (4.2) (replacing in the latter 1 + x 
by x). Consequently, when x z 1, we have the sequence of in- 
equalities 


5(x? — 1)(Sx2 + 32x + 5) 








Mer IGI datu lee D 
mS | 2_ 4 zx. 
(DUI qose Ty вое a. (4.7) 


3(x + 1)(x2 + 8x + 1) х АЕ xl 


For example, 
In 2 > ... > 0,6931464 > 0,69312 > 0,6923 > 0,67 
(In 2 œ 0,6931472). 


§ 5. Continued Fraction Expansions of e* 
1. Replace x by x/v in expansions (2.1)-(2.8), and let » tend to 
infinity. 
Then expansions (2.1) and (2.2) give one and the same expansion 





1 х x x x 
er = — GE — 2—22 == 

I- 1 + 2 — 3 + 2 — 

1 1 2+% 6 + 2x 12 + 6% + x? 

1 1-x 2—x 6—4%4+2%2 12—6x%4 x2 

xd Е tat ECH 
— 5 +... +2 — 2n+1l +.. 
60 + 24x + 3x2 
60 — 36x + 9x2 — x3 

Here 


li l li zu 
m = пт 
пэ 2(2n—1) n> DOOR) 





According to the theorem of section 3, § 7, chapter I, therefore, the 
continued fraction (5.1) converges throughout the whole of the 
finite complex x-plane. 
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Expansions (2.3) and (2.4) also yield the same expansion: 


1 x x 2x их 
1-1+x-2+2-3+x2 —- ..— n+1l+x—.. 





e? = 


(5.2) 


This is the equivalent continued fraction for e. 
After the transformations denoted, expansions (2.5) and (2.6) 
reduce to the following: 








PS x x x x 
et = — SE 294 = 
1 — 2 + 3 — 2 + 
1 l+x 2+% 6+4+x 12--6х-++°? 
1 1 2—х 6 — 2x 12 — 6x + x? 
x x x 53) 
3E 5 Se? Ой БИ E e 
60 + 36x + 9x? + x3 
60 — 24x + 3x? 
Here 


=i l 
бизе ee À 
s (29 — 12 wre (2n 4- 1)2 


According to the theorem of section 3, $ 7, chapter I, therefore, 

the continued fraction (5.3) converges throughout the whole finite 

complex x-plane. The expansion (5.3) is due to Lagrange [43]. 
From expansions (2.7) and (2.8) we obtain the following: 


x x 2% nx 


xx ae ва EE 





(5.4) 


The right hand side of this continued fraction is obtained from 
(5.2) by replacing x by — x. Therefore the reciprocal of the con- 
tinued fraction (5.4) is the equivalent continued fraction for ez. 

2. Contracting (5.3) according to formula (2.8) of chapter I, 
we have 

2x 2x2 4x2 4x2 


2 — | os рее ЕНЕ ЗЕНОН 
4 Ste ло dod EE E 
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(Euler [21]), i.e. 
se 2x х? х? 
er 6 de 10 Ж 
1 2+x 124+ 6х4 х? 120+ 60x 12x? + x3 
| 2—x 12—6x--x? 120 — 60x + 12x? — x3 








x2 
+ 14 + 
1680 + 840x + 180x? + 20x3 + x4 
1680 — 840x + 180х2 — 20x3 + x4 





x2 


18 ds 


30240 + 15120% + 3360x? + 42053 + 30x4 + x5 
30240 — 15120x + 3360х2 — 420x3 + 30x4 — x5 


+ 





x? 
„+ Zänn +1) +... Del 


Replacing x by — x in (5.5), we obtain: 
M 1 2x х2 х? х? 
ПТ 244464 10 +... + 2Qn +1) ... +: 


This expansion has the same convergents as (5.5). 


§ 6. Continued Fraction Expansions of the Inverse 
Trigonometric and Hyperbolic Functions 


1. We recall the following relations: 





arcsin x = — 7 ln (ix + V1 — x2), 
arccos x = — iln (x + М1 — x), 
А iLi 
arctan x = NES n UE (6.1) 
2 1 — zx 
: : | 
1 1 1х + 





arccot x = — In 4 
YT 2 ix—1 
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arcsinh x = In (x + vx +1), 
arccosh x = In (x + М? — 1), 


l 1 
arctanh x = — In RH (6.1) 
2 1— х 


z+1 
x—1' ] 








1 
arccotanh x = > In 


From these 


arcsinh x = ¢ arcsin —, arctanh x = £ arctan —, 
1 t 


| x 
arccosh x =iarccosx, arccotanh x = — { агссоїап —, (6.2) 
$ 


arccosh x arccos x 


мх? — 1 | 


2. The differential equation for у = arctan x has the form 








1 
"= 0) = 0. 


Write у = x/(1 + 2), then the equation transposes into 





1+ 2— x2’ 1 
(+22 14 x?’ 
i.e. 
x? + (1 + x3) — (1 + x?)xz' = 2z + z?, 
Or 








(1 + x?)xz' + (1 — x2)z + 22 = x. (6.3) 
Comparing equations (6.3) and (1.5), we see that here А = 2, 
y =1, В= у= ô= 1, В = 1. Therefore (1.18) gives the 


following solution for (6.3) 


2 4 4 4 2 2 
о wr uem 
| 2 2 
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1 5 3 1 (2n + 1)(2n — >] 
НЫ, E 2 
Luz zl E 4 А 

9 4n + 1 
+ 5 +... + 5 + 


E doct: n af 
4 2 T 2 
4n + З 
2 
032 402 9% 16x? 4n2x2 (2n + 1)2x? 
3+5 а scc ae а 
From this (Lambert [48]), 








+ Eas 











x х? 4x2 9x2 
arctan x — — —— —— —— 
Du wd 5 J 7 + 
0 x 3x 15x + 4x3 105x + 55x3 
1 1 3442 15 + 9x2 105 + 90x? + 9x4 
16x2 иёҳ? 
—— —_— р (6.4) 
+ 9 +..+272» ++... 


945x + 735x3 + 64x5 
945 + 1050x? + 225x4 





Here lim n2/(4n2 — 1) = $. According to the theorem of section 


Kb de 

17, $ 7, chapter I, therefore, the continued fraction (6.4) converges 
throughout the whole of the finite complex х2-рІапе, with the 
exception of those segments of the imaginary axis (— 7 оо, — 1], 
[2, гоо). 

Since, when х is real, all coefficients (except the leading partial 
numerator) of the continued fraction (6.4) are positive, then we 
have the sequence of inequalities for positive real x 


3x > 105x + 55x3 
3--x92 ~ 105 + 90x? + 9x4 





<... <агсіапх <... 


945x + 735x3 + 64x5 Ре 15x + 4x3 
5 945 + 1050x2 + 225x4 ^ 15 + 9x2 





«x. (65) 
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With the assistance of (6.2) we have from (6.4), replacing x 

by zi: 
Eh x x? 4? n2x2 
о 

Knowing the convergence domain of the continued fraction (6.4), 
we see that the continued fraction (6.6) converges throughout 
the whole of the finite complex x-plane with the exception of those 
segments of the real axis (— oo, — 1], [1, со). 

3. Noting that 


[(2 + 1)2 — 4и2]х2(4и — 3) = [(2n — 1)? — (2n — 2)?]x?(4n + 1), 
it follows that 


9х2 — 44%  l6x?— 9x? (2m + 1)?х2 — 4n?x? 


x2 = = us dus 
5 7 4n 4-1 x 


i.e. condition (2.22) of chapter I is satisfied, and therefore it follows 
from identity (2.23) of chapter I that one can write the continued 
fraction (6.4) in the form 











i x3 9x2 4x2 
x — —— — = 
arctan x 5 Б 4 7 is 
x  3x—x9? 15% + 4х3 105% + 40x3 — 4х5 
ES 3 15 + 9x2 105 + 75x2 
25x? (2n + 1)2х2 4n2x2 (67) 
+ 9 +..+ +1 int33 +.. | 
From this 
arctanh x = x + 
x9 9х2 4х2 25x2 (2n + 1)2х2  4mw?x? 
+ — — —— —— -—— . (6.8) 
3-5- 7 — 9 —..— 4n+1 —4n4+3-... 


The convergence domains of the continued fractions (6.7) and 
(6.8) coincide with the convergence domains of the continued 
fractions (6.4) and (6.6) respectively. 


4. Noting that arctan (ИМТ — x) = arcsin x, we derive Нот 
(6.4) the expansion for arcsin x. Replacing x by x/ V1 — x? in (6.4) 


Khovanskii The арр atien 9 
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x x 
vi 1—25 
1 dip р 
4x2 n?x2 
1 — x2 1 — x2 


db 5 eas a Oa eT юы] 








arcsin x = 











i.e. 
arcsin x х х? 4x2 
View l=} + 5-м + 

0 x 3x 15x — 11x3 

| 1-92 3—2x? 15 – 2122 + 6x4 

9x? 4n2x? (2n + 1)2x2 ‚ (6.9) 
+ 7 +..+(4n+1)1-22)+ An+3 +... 

105% — 50x3 


105— 120х2-„24х4 


According to (6.4) the continued fraction expansion of the 
function arcsin x = arctan (x/V/1 — x2) converges throughout the 
whole of the finite complex x-plane with the exception of those 
segments of the real axis satisfying the inequality 

x2 
This inequality is equivalent to the inequality 1 < x? < оо. 
Therefore the continued fraction (6.9) converges throughout the 
whole of the finite complex x-plane with the exception of those 
segments of the real axis (— oo, — 1] and [1, оо). 

With the help of (6.2), we have from (6.9) 


arcsinh x u x x? 4x? 9x2 
Vien? 142-3 -5149)- 7 —.. 
4n2x2 (2n + 1)?x? 


... — (40 + 1) (1+ *?2) — 4443 ..—- 





(6.10) 





5. Replacing x by x/V/1 — x? in (6.7) we obtain a second ex- 
pansion for arcsin x, and have 
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x3 9x2 4x2 
| x (=x) 1-2 1—4? 
arcsin X = ————— — ——— 
Vin d Dg. 5 E Ww da 
(2n + 1)2x? An?x? 
1 — x? 1 — x? 
wet 4-41 + 443-4. 
i.e. 
3 9x2 4x? 
МІ x arcsin x = x — — — о аз. 
3(1 — х2) + 5 + 7(1— x?) +... 
(2n + 1)2x2 4n2x2 





wt Anti + (4n4+3)(1 х) +... SC 


Replacing x by x/z in (6.11) and multiplying throughout by ?, 
we obtain 








x3 9x2 4x? 
2 1 — 
vi+x arcsinh х = х + ЗЕ — 5 — 7(1 + x?) —... 
1)2x2 2x2 
(2n + 1)%х машы . (6.12) 
„= mtl — (4n 3)(1 4 х) — ... 


6. Noting that arccos x = arctan (V 1 — x2/x), we replace х by 
V1 — x2/x in (6.4) and obtain 


мІ 1-22 ge 

















x x2 x2 
arccos х = 
1 + 3 + 5 + 
1 — x? 1 — x? 
az 
x? х? 
+ 7 Le 2841 +...’ 
1.е. 
arccosx ` 1х2  4(1— x?) 9(1 — x?) 
Vi—x? «+ 3x + 5 + 7% de uel 
о ] 3x 4 4- lix? 55x + 50x? 
| x 1412? Ov | 6x3 94 7232 + 24x4 


n*(l-- x?) 


pua poe Jas nus 
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120 
From this, using identity (6.2), we obtain 
arccosh x 1 4—1 и?(х? — 1) 
== cuui Core ЕЕ n (6.14) 
Vx? 1 X — 3х —...— (тих —.. 


7. We shall derive yet another expansion for functions of the 
type being considered. In order to do this we write 


х arcsin x 
м1 — x2 


Then 
ee: + x 4 x? arcsin x 
er (1 — х2)# ` 





i.e. 
x x 


in 
ате Te 





5 У 


(6.15) 


or 
(1 — х2)ху — у = х2, (0) = 0. 


Comparing this equation with (1.15) we see that here k = 2, 
— 1, В = —&, В = y = 0, д = 4. Therefore from (1.18) we 


ү = 
obtain the expansion of the solution of (6.15) which tends to 


zero as x — О. 

















1 1 1 
б< ee ge 
AE а p: 
2 2 2 3E eda 
i Naess (79) 
2 
4n — 1 4n + 1 : 
de Wl S E def 
ie. 
arcsin x NE 1.2x? 1.2x2 
Aus T= 3 = 5 c 
(2n — 1)2nx? (2n — 1)2nx? ‚ (616 
— 4n4+ 1 —... 


жет An — 1 
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From this 








arcsinh x NE 1.2x2 1.2x2 
Ara LP cd 5. 
(2n — 1).2nx? (2н — 1)2nx? 












































. (6.17) 
2+ ml + mpl dos 
Putting x = УІ + 2 in (6.16), we obtain 
N STIS 
1+¢ > 
rt = М1 + 12 агсќапі = 
t 
per 
ү 1+ 22 
"REN. 1.22 1.22 (2n — 1)2ni2 (2n — 1)2nt2 
ys 1-2 1+2 1+8 1+2 : 
1 — 3 — 5 —...— 4n—1 — Aa LI -—.. 
i.e. 
: x 1.2x2 1.2x2 
arctan x = Baar, 
E (hat = c sd genus 
(2n — 1)2nx2 (2n — 1)2nx? ‚ (6.18) 
.— 9-1 — (4и + 1)(1 + 32) —... 
From this 
1.2x? 1.252 
атсїапһ х = Еа peer 
1—2? + 3 + 5(1— х2) +... 
(2n — 1)2nx? (2n — 1)2nx? .— (6.19) 
«+ 4n—1 + (4n + 1)(1 — x2) +... 
Replacing x by V1 — x? in (6.16), we obtain 
arccosx х 1.2(1 — x2) 1.2(1 — x2) 
ATE о, Е 3 TENA = 
(20 -D2n(1 3) (Du - )2n(1 SE) ‚ (620) 
4n 1 4n | 1 = us 
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whence 
arccoshx х 1.2(x2 — 1) 1.2(x? — 1) 
V x2 — 1 1+ 3 + 5 Eus 


(2n — 1)2n(x2—1) — (2n — 1)2n(x? — 1) 
STAR 4n — 1 de 4n 4- 1 d npe 





(6.21) 


87. Continued Fraction Expansions for tan x and tanh x 
1. The differential equation for y = tan x has the form 
у'=1-+Уу%, 7(0) = 0. 
Write у = x/(1 + 2). The equation transposes into 
Ltz— xz = 1 4 224 224 42, 


xz а 22 = — x, 2(0) = 0. 


Comparing this equation with (1.15), we see that here & = 2, 
n =p’ =0, ß=y=4 ô= —i Therefore using expansion 
(1.18) with the denoted values of the parameters, we obtain the 
expansion for z 














x? x2 x2 x? 
Ug 4 4 
fe fes B s 2n 41 x 
Фо, Qe д2, ger 
x? x2 x? 
EC co aar US 
ie. 
x х? x х? 
їап х = — —— UN mo 
1- 3 — 5 — 7 — 





ох 3% 15x — x3 105x — 10x? 
11 3—2 15—6x2 105 — 45x? + x4 
х? х? 
— 9 —...— 28 +1 — ... 
945x — 1053 + х5 
945 — 42022 + 15x4 


(7.1) 
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This expansion was first discovered by Lambert [48] and derived 
subsequently by Lagrange [43] and Euler [21]. 

Here 

1 

Hn oic Wap 
According to the theorem of section 3, $ 7, chapter I, therefore, the 
continued fraction converges throughout the whole of the finite 
complex x-plane with the exception of certain points of inessential 
divergence. 

2. Replacing x by x/i in (7.1), and multiplying (7.1) throughout 
by £, we obtain ! 


x x? x? х? 


ee Fr Е 


(7.2) 


The convergence domain of the continued fraction (7.2) coincides 
with the convergence domain of the continued fraction (7.1). 
For positive real x we obtain from (7.2) the sequence of inequalities 


3x 105x + 10x3 E 
3-Ex? ~ 105 + 452 4+ x4 ^77 





<1ащх <... < 





945х + 105x? + x5 15x + x3 
VS Ux < x. (7.3) 
945 + 420x? + 15x4 15 + 6x? 


3. Schlémilch [84] proposed the following direct derivation of the 
continued fraction for tan x. 
Denote cos 4/x by y. Then 


y puo x 
v ED dE 24/x ' 


4xy" + 2у +y =0, 
4xy" + бу” + у’ == 0, 





2М/ху' = — sin мх, 


4xyoi(2) | (4н -|- 2)у\т+1) + yo = 0. 


1 tanh x + ftan (s/n) 


124 EXPANSIONS OF CERTAIN FUNCTIONS  [CHAP. II 


Denote y@tD/y@ by unis. Then 











tan AT 4 4n 42 1 
Ир = — , AU N == — d 
L 245 п+2 Wo 
EE l 
WE + 1+ Zäite? ` 
Consequently, 
tanyx _ —$ х х х 
уж a = ey n 


whence we again arrive at (7.1). 
4. Applying the transformation (2.24) of chapter I to (7.2): 











tanh x = 5х2 x? 9x2 
хо 5x? + 3.5 222 — 1 — 5.7.9 + 2(5 + 9x? — 
5x? 13x? 
= q — 9.11.13} 203-1349 = 
(4n + 1)x? (4n —3)x? 
... — (4n —3)(4n — 1) (4n4-1) 4-2(4n —34-4n4- 1)x2 — 1 —.. 
From this 
D 5x3 x? 9x2 
"CON Imm ci. T ux 315 + 28x2 — 


x  15x--2x3 15% 4x3 4725x + 600x? + 10x5 
1 15 2-7x? 15 + 6х2 47254 2175x? + 105x4 
945 + 120x3 + 2x5 
945 + 43522 + 21x* 
5x2 13x? 


— 1 — 1287 — 44x2 — ... 
4725x + 525x3 + 5х5 
4725 + 2100x2 + 75x* 
945x + 105x3 + х5 
945 + 420x? + 15x* 
(4n + 1)x? (4n — 3)x? 
.. — (4n — 3)(4n — 1) (4n + 1) + 4(4n — 1)x2— 1 u 








7 dX 
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Replacing x by zx in this expression and dividing throughout 
by i, we obtain 











tan x = 
5x3 x? 9x? 5x? 13x? 
-Ab 15—71 315—288 + 1 41287 — 44x 4. ... 
(4n + 1)x? (4n — 3)х? a 
... (4n — 3)(4n — 1)(4n + 1) — 4(4n — 1)х2 + 1 c. 
§ 8. TheContinued Fraction Expansion of the mara [т> тя 


1. Differentiating this integral, we obtain the ln 


(ау =, y(0)— 0. (8.1) 

Let у = ax. Then inserting this value in (8.1) we obtain a = 1. 
Next we write у = x/(1 + 2). The equation becomes 

(1 + x*)(1 + 2 — х2) = (1 + 2}, 
i.e. 

(1 + x*)x2’ + (1 — x*)z 4 22 = xk, 
This is a special case of equation (1.15), in which 7’ = 1, 
В = у= = Е, В = — (ljk). Therefore, for the case under 
consideration, (1.18) gives 


1 1 k+l Жау ( I >) 
— yk k | k 
SC (+ E GE EE 



































Rol 2k +1 ЗЕ 1 
pou Е + п F 
l R41 жег € ub se 
(+ тузу} fr ee se 
4k +1 SEH 
n = 3 E js 
р 
1 2 
gU. ty 
(2n ons = | 


Ё 
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ie. 
2. dX k2xk (k + 1)?x* 4R?xk 
s k+1 DRE Spo SEI > de 4E +.. 
n2k2xk (nk + 1)2xk 





+ Qnk+1 + (Qn4 1)R4+1 +... 
From this (Laguerre [43]) 


т 





d dr % xk R2xk (k + 1)2x% 
Lege ров росе, REITEN 
0 

n2k2xk (nk + 1)2x% 





. (8.2) 
wet 2nk +1 + (20 ПЕН... 
Here 

. n? Ek? 1 

шп | = 


(n — ПЕ ПРИ 4 





п, 


From the theorem of section 17, $7, chapter I, therefore, the 
continued fraction (8.2) converges throughout the whole of the 
finite complex x*-plane, cut along the negative real axis from 
— 1 to — оо. 

When А = 1 and Ё = 2, (8.2) transposes into (4.2) and (6.4) 
respectively. 

2. In the integral /у dx[(1 + x*) we take as a new variable 
х = #1. The integral then becomes 

i р 


(64-9 | 


0 


t? dt 
1 + dO) ` 


Replace £ by x and denote k( + 1) by 4. Then k = @/(p + 1). 
Therefore expansion (8.2) (in which we also substitute х?+1 for x) 
gives 


т 





| xPdx zer (p+ 1)2х9 q?x4 
teg apud peer Аъ 
n?g*xd (ng + 1 + $)?x« 





3 8.3 
ip er. ES 


х dx 
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te xk 


For example, 
1 





f дах 1 9 16 49 
Liat а p АЕ е ЇЗ ЕД 
0 

1 7 93 1738 


1 3 30 378 7140 
0,3 0,233 0,2460 0,2434 
16n? (4n + 3)? 
wee Bn Be ЕТ -puu 





The exact value of this integral is 0.243748.... 
3. We note in connection with (8.3) the following relationships 
(P + 1 + ng)? — nèg? 
p+1+2ng 





=p+1 (=1,2,...), 


consequently, if (8.3) is presented in the form 





l copa AOE DE qx 
a ee [UIT psa quen eei. 
хр 1+ zë 
f n2gq2xt (ng + 1 + p)2xe@ 








n + 20 1р + (2+ 1) 1+ +... 


then the conditions (2.22) ої chapter I are fulfilled. One can, 
therefore, transcribe the continued fraction (8.3) by means of 
equation (2.23) of chapter I in the following way: 


z 





x? dx 
JZ- 
0 

xp+l xp+l+g (4 + ] + p)? g?xa 
CURE EE AGER +t es ue 


(ng | 1 4 pre 72424 


-o - . (8.4) 
Lt 2ngildp | (Qn Hig +1 Ff +.. 
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In particular 





1 
f x? dx 1 1 49 16 
lxt 3 7 + 1 + 15 + 
0 
1 4 93 1459 
3 21 378 6006 


0.190 0-2460 0.2429 


4. We make the substitution zg = ż¢ in the integral 
1 


pl 
ES 
1+ x4 
0 
Then gx4-1dx = dt, dx = (1[4)#%—Ф/а, and hence 


1 1 pol l-g 12 
22222 та гри di 
lpr q pod qJl+t 

0 0 0 


In order that this integral may be developed as a continued 
fraction, it is necessary to put x = 1 and replace р by $ — 1 іп 
(8.3), which then becomes 


12.1 











ү qoo oum q? (q + Ф)? 
У P + 4+Р + 24+} + Srp +... 
nrg? (ng + 2)? - 
ed Qng+p + (Qn+1)g+pt+.. 
р? 2 ү 
1 È 1 (1+2) 
еер И ae 
9 9 9 9 
$ 2 
ne (n +4) 
H р 


л л еы T 


* dx 
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o 1+ zb 


Denoting p/q by x, we have 















































1 
| tel di 1 x? 1 (1 + x)? 
1-+1 x+1+x2+2+x+ 34% +... 
0 
2 2 
E ас . (8.5) 
„+ 2n+x + 2n +1+x-+.. 
Writing t = e-?*, then 
: т! Е Е 
1+} ] + 22% 
0 со 
e £g 2utgu j el- Ei 
= 2 == 
|S cosh и 
0 
Therefore, replacing x by (1 + x)/2 in г we obtain 
| a) Se 
[ Жы? 1 2 1 e 
coshé ^  1-cx 34% 54% 7+x 
E 2 2 2 2 
(2t 1 ==) 
и? 2 
484-14 x 4n --2-4- x | 
E BG $ + 
| 2 2 
1.е. 
f eat i 2 (1 + x)? 4 (3 + x)? 
gosh . 1d Xx 3x 5d x 7+% +.. 
0 
4n? 2 1 2 
(2n + 1 +2) (8.6) 


+ Age ee EE E ee 


It is known that />° dt/cosht = 2/2. In particular, therefore, 
there follows from (8.6): 


л 1 12 22 n2 
4» “| [3% EE ыы 
This equation also follows {тош (6.4). 
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§ 9. The Solution of the Equations of Boole and Riccati with 
the help of Continued Fractions 

1. We consider Boole’s equation 
аху + By + yy? = дхк. (9.1) 


This is a special case of equation (1.15) in which 7’ = f' — 0, 
and В, у, д are replaced by B/ka, y/ka, [Еа respectively. Therefore 
the expansion of the form (1.18) relating to equation (9.1) becomes 


But yàxk yôxk yôxk 








= ————— р 9.2 
ве ES 
апа (1.16) gives 

óx* öxk óxk 
pests В y y (9.3) 


ut ha — B + 2ka—B+...+ а — В +... 


When «æ = 0 these continued fractions degenerate into the ex- 
pansions of the roots of the quadratic equation yy? + By — óx* — 0. 

With the help of the method of Lagrange, Euler [22] found the 
expansion (9.3) for the case y = 6 = 1. 

2. We write y — zx in (9.1), which then becomes 


aX(z'x +2) + Bex + yz?x? = dak, 


i.e. replacing z by у 





ay +— аз! y + yy? = óx*?, (9.4) 
x 
When В = — о, д = 1 we obtain the equation of Riccati 
ay! + yy? = ak (9.5) 


For (9.4) the expansions (9.2) and (9.3) become respectively 





(0 óxk-l zëck yóxk yóxk (9.6 
TU EH dj Бар Ела EE С^ 
апа 

В óxk-1 óxk yóx* 
у=— 4 (9.7) 





EE +... 4 ива — p +... 
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In particular, for (9.5) we obtain 





IT =e Oe De B Sea 
yxk 
b (nk — l)a +... 2) 
and 
xk-1 xk xk 
TOC MEN re, a Y^ 99 


yx + (Е + 1а + (28 + Па +... + 1 +... 


The connection between continued fractions and Riccati’s equation 
was also considered in the earlier works of Euler [20]. 

3. We now recapitulate the connection between linear differential 
equations of the second order and the general Riccati equation 


"= фо(х) + ypi(x) + У2ф2(л). 
We write in the equation 

fa(x)z" + Һ()2 + fo(x)z = 0, 
z = е/14*, and have: 

z = у £f = (у + уда, 
consequently 
| fa)" +92) + flay + fola) = 0, 
i.e. 
‚__ ha) _ А@) NEN! 
Һа) ` fois 

In this way, by means of the substitution z = e/¥ ® De y = z'[z) 
one is lead from a differential equation of the second order to the 
general Riccati equation. 


4. We now determine which linear equation of the second order 
leads to the equation 





y 


ö 
у’ = xk-2 «+В у — у?, 
a ах 





which may be derived from (9.4) by putting у = а. Неге 
IA ә, hx) ав 


A -= 


f(r) x h(x) ax 
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Writing f(x) = 1, we have 








6 а + 
= аа, fale = ЕЁ. 
a ax 
Thus the required equation is 
ô 
z” + 256 z’ — — xk-2z = Q. (9.10) 
ax a 


We compare this equation with the equation for Z (ix) (where 
Zp(tx) is the cylinder function of imaginary argument): 


, 2 
NET (1+2,):=0 
x x 


These equations correspond if В = р = 0, k= 2, 6 = а; whence, 
in particular, (9.7) gives 
Дох x x x x2 (9.11) 
Ja) 2+4 doe deco 2m +...’ | 
where /o(ix) is the Bessel function of zero order and argument ix. 
From this 
Joe) Dno xs oe 5 х® 


Jua) J) аж (9.12) 








where /1(х) is the Bessel function of the first order. 

5. We derive here the continued fraction expansion of 
Im{%){Jm-1(%) where Jm(x) is the Bessel function of the mt^ order. 
This expansion was derived by Bessel [11]. 

Knowing the relation between the Bessel functions 


®*]т-1(®) — 2m] m(x) + *Jm+(*) = 0 
one can proceed to the formula 


mat) _ 2m Лиза) 


Ли) x T(x) ` 





Jm(x) 1 
/т-ї\(®) 2m KL /т+\(®) | 


х /т(®) 
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From this 
x x х2 
Jm(X) 2m | 2m  2m(2m + 2) 
Ina) Q0 0* Jub 1 — 1 A 
2m I mix) 
42 
(2m + 2n)(2m + 2n — 2) 
.. — 1 Zus 
Hence 
ud. = £ = M EE 
J m-1(%) 2m — 2m + 2 — 2m + 4 — ... — 2m + 2n — ... 


With m = 1 we come again to equation (9.12). 

The work of several distinguished mathematicians has been 
devoted to expansion (9.13) and its convergence behaviour 
(Schlómilch [83], Lommel [52], Günther [26], Herz [32], Graf [25], 
Perron [71], Nielsen [61]). 


§ 10. Continued Fractions and the Hypergeometric Series 


]. The series 


ab ala + 1)b(b + 1) 
F(a,b,c,x) = 1+ ute. Bele + 1) x2 + 


а(а + 1)(а + 2)b(6 + 1(6 +2) 
ix 3!c(c + 1)(c + 2) 








3+... (10.1) 


is called the hypergeometric series. It converges for |x| < 1 and 
diverges for |x| > 1. When x= l it converges if с> a b; 
when x = — 1 it converges if c+ 1 >a +b. 

From the definition of the series it is evident that F(a, b, c, x) — 
= F(b, a, с, x). 

2. We note that 


F(a+1,6,¢ ' 1, x) 


(a 1 1) (a + 1)(а + 2)b(b + 1) 5 
It - 1 P 21(c 4-1)(e 1 2) т 


Khovanslaı, Ihe appli ati» 10 


11 
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Then 
F(a 4-1,5,c +1, x) — F(a, b, с, x) = 


_ (c— a)b (a+ 1)b64+1)/a+2 а 
= Tee +1) ^ 2!(c + 1) (i-e 
(«+ 1) + 256 + 1) +2) (a3 а А 
3! (c + 1)(с + 2) Lila 
(c — ay (a+ (6 4-0 
| 1!(c + 2) SE 


(a + (a + 2)(6 + 1)(6 + 2) 
2!(c + 2(c + 3) и+.. |. 


+ 








+ 





i.e. 
F(a--1,b,c + 1, x) — F(a, b, с, x) = 


_ (с — а) 
~ efe!) 





xF(la+1,5+1,c+2,x). 
From this 
Fb+l,ac+1,2x)— F(b, a, c, x) = 


_ (e— Ba 
~ e(e + 1) 





xF(b 4-1,a 4-1, c4- 2, x) 
and 
F(a,b + 1,¢4+ 1, x) — F(a, b, с, x) = 


Biel EE 
= Fear е +164 1642,5). (02 





3. Using the notation 
F(a,b --1,c4- 1, x) 
— e G(a, b Я 
F(a, b, c, x) Me 
then 


F(a + 1,5, c + 1, x) 


= б З 
F(a, b, c, x) Ps eru) 
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Dividing (10.2) by F(a,b + 1,c + 1, x), we obtain 








1 a(c — b) 
(——— MÀ G(b l,a, 1, x). 

V SEE уту a EPUM 

From this 
1 
Е NN) EE E n. 
c(c + 1) » D ЕД 

Further 


Gb +l,ac+1l,x)= 
l 
(6+ 1)(c -- 1 а) ` 
a eS 1 2 
б Ес ЕЗ хСб(а+ 1,54 1,¢+4 2, x) 


Consequently 1, 


Еа b 4-1, c + 1, x) 
F(a, b, c, x) 

a(c —bx (b--Y)(c--1 Sg, (a+ 1)(с-Е1 -— 
l c(c4- 0) (c + 1)(c + 2) (c + 2)(c + 3) 


1 — 1 — 1 — 1 — ... 


(b+ n)(c— a+ n) (a + я)(с—– b +n) 
(c + 2n — 1)(с + 2n) (c + 2n)(c + 2n + 1) 
ei 1 — 1 — ... 











i.e. 

F(a, b, c, x) u 
F(a,o+1,c+1,x) ` 

a 

Е eo eee Ке 
wre c cats c+2 =: 

(6+ n)(c—a+n)x (a + n)(c — b + n)x (10.3) 
wie cmn — - et änt Мыш у 


1 One can demonstrate the validity of this formula by the method of 
mathematical induction. 
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Here 


: = (b + n)(c—a+n | 
lim == 
cres (c + 2n — 1)(с + 2n) 
| | (a+ и)(с— b+ n) | 1 
= lim | — = — —. 
sen (c + 2n)(c + 2n + 1) 4 

According to the theorem of section 17, § 7, chapter I, therefore, 
the continued fraction (10.3) converges throughout the finite 
complex x-plane, cut along the positive real axis from х = 1 to 
X = оо. 

Expansion (10.3) was derived by Gauss [24]. Its convergence 
behaviour was investigated for the first time by Riemann [80] 
and independently of him by Thomé [96], [97]. 

If a or b are negative integers, then F(a, b, c, x) and F(a, b + 1, 
c+ 1, х) are polynomials in x, ie. in this case the continued 
fraction (10.3) terminates. 

4. We show that the expansion (10.3) is a special case of ex- 
pansion (1.16). For this we transcribe (1.16) as 

B 


у= – = + 
y 


BB’ 

SY 48) xk 

Е S ) (6 — Bn’ + BY + п) 
1—8 + 2— В + 

[76 + (1 — By — 87)]х® DÄ + "(и — 8) + В] 

+ 3— 8 sss 2n — B + 
[yd + (и — В) (ит — В) 

+ 21 +1—В +... 


Comparing this continued fraction with (10.3), we have: 














+ 











k=1, В=р-—с, у= с. 
Further, 


n'n? + (P An + yò = — n? — (b + c — a)n — ble — а), 


пи? — (В + 7'B)n + BB' + уд = 
= — m? — (a + c — b)n — a(c — b). 
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Hence 
bla — 
EE, peste МЕЕ 
с 
Equation (1.15) itself becomes in this case 
EE NE EE, 


y(0) = 1. 
5. If b = 0, then (10.4) becomes 
(1 — x)sy' + (— с + ax)y + cy? = 0, у(0) = 1, 


and expansion (10.3) goes over into 











1 Е ах (c — а + 1)х 
Е(а,1,с4-1,х) ` c+1— c+2 Ems 
^(c— &--n)x (ot alle Lal 
o c+2n — BIEN DITS 


From this, denoting F(a, 1,c,x) by ұ(а, c, x), we obtain (having 
previously replaced c + 1 by c) 


l ax (c—a)x 











ыиы c бе] ei: 
^(c— &--n —1x (a+n\(ec+n—1)x ‚ (10.5) 
.. — € 4-24 — 1 — c+ 2n —... 
From (10.1) it follows that 
v(a, c, x) = 
a a(a 4- 1) ala + 1)(a + 2) 
=1+—х 4+ — 2 з +... .6 
етте P cena) к SS 


Expansion (10.5) was used by A A. Markoff [3] for the solution 
of a problem in the theory of probability. 
6. Replacing x by x/a in (10.1), we have: 


(i E uo 1) 


t b 
lan!) as e 
Sed er aiek eet 


138 EXPANSIONS OF CERTAIN FUNCTIONS [CHAP. II 


(i SIC +7) + 1)(6+2) 














3 
3le(c + 1)(c + 2) AN 
From this 
: х 
lim F(a b, c, =) = OI, c, x) = 
Е b x b(b--1) x? 
me RES c(c + 1) 21 
ЫБ + 1)... $ я) x" 
әс (10.7 
с(с+ 1)... (c +2) DOE ded) 
Then expansion (10.3) becomes 
(ed) 
Ф(Ь, c, x) | d Н 
Фо с 1, я) ` B c4-1 
(6+ 1)% (¢—64 Ux (b--n) (c—b+n)x 
+ c+2 — c+3 +... t Ce Dh = OS Da EST 
Here (10.8) 
li aie ENT ERES unii NINE 
Meus (с + 2n—1)(c+2n) ` E (c4-2x)(c 3-2n +1) ` 


According to the theorem of section 3, $ 7, chapter I, therefore, 
the continued fraction (10.8) converges throughout the whole 
of the finite complex x-plane, with the exception of certain points 
of inessential divergence. 

Correspondingly, replacing x by x/a, the transformation of 
equation (10.4) gives (the product xy' of course remains unaltered) 





( z) ( “—,) do x 
S ху +{—с+ xy + су о о. 


а 


ie. when а — oo 


b 
ху + (—с+х)у+су#=—х, 0) = 1. (10.9) 
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7. If 6 =0 then (10.9) becomes 
xy +(—e+xzyyteo2=—0, vil = 1, (10.10) 


and expansion (10.4) goes over into 


1 2) х 
Ф(1,с +1, х) ` c+1 + 
x (с + 1)x пх (c + n)x 








е0 c+3 E D TEEN E GE 
From this 


x x2 
шр ес e 
xn er x 
ST Dean С УЛ ЕЕ 
x сх 2х 
СЕ e dee s 
zc Lo. EEE . (10.11) 
.. + c+H2n—1 — с +... 


8. Replacing x by x/b in (10.1) we have 





К а(а + »(1 +3) x2 
le Aa lite 2!с(с + |) 


a(a + 1)(a + 2(1 ell +2) x8 
3!с(с + 1)(с + 2) 





From this 


x 
lim F (а b, c, =) 
b—eo b 


(4, с.х) It + —+.. (10.12) 
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Then expansion (10.3) becomes 








a 
Q(a,c,x)  _ | e (c — à 4- 1)х 
(a, c + 1, x) Е To — c+2 bs 
(c—a+n)x (a+ n)x . (10.13) 
.. — с + 2n + с+ 20 4-1 —... 
Неге 
— lim c—atn — lim apn 520) 








nooo (С- 2n — Y)(c 4- 20) ьо (с 2n)(c + 2n + 1) 


According to the theorem of section 3, $7, chapter I, therefore, 
the continued fraction (10.3) converges throughout the whole of 
the finite complex x-plane, with the exception of certain points 
of inessential divergence. 

Correspondingly the transformation of equation (10.4) gives 


( Yay +( a—b ) „_ E 
c y x LII E y + cy Zur 


i.e. when b — oo 


xy! — (c + x)y + су? = x y(0) = 1. (10.14) 


9. Replacing x by x/a in (10.12), we have 


2 x x 
lım ole с, z) = Y(c, x) = 1 + — 
aaa a 











11е + 
x2 xn 
Toug pt Uta. xac 9 99S 
Then from (10.13) we obtain, for any finite x, 
2 
We, x с х E 
Wr” P qoe NIU a 


Correspondingly, the transformation of equation (10.14) gives 


xy — cy + y=" , vil = 1. (10.17) 
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10. Replacing x by — cx in (10.1), we obtain 
lim F(a, b, c, — cx) = Q(a, b, x) = 


Co Р x2 
= 1 а аа + 156 +1) —...- (10.18) 
Then (10.3) becomes 
Mad) ах (b+ 1)x (а +1)х 
О(а, 6+1, х) — "espe E EE Ea 


(0+ и)х (a+n)x 
„= л. ЗБ. Bees 
According to §7 of chapter I the continued fraction (10.19) con- 
verges throughout the whole of the finite complex x-plane, cut 
along the negative real axis. 
Correspondingly, the transformation of equation (10.4) gives: 
(1 + ex)xy' — 1 + (a — &)x]y + cy? = — b(a — с)х, 


i.e. when c — oo 





(10.19) 


ху’ — [1 + (a — b)x]y + у? = bx, у(0) = 1. (10.20) 
11. If 5 = 0, then (10.20) becomes 


and expansion (10.19) goes over into 





1 acf ax x (a+ 1)x 

(а, 1, x) S 1+1-+ 1 + 
2x их (a+n)x 
sec praeest E е 1 Не 

From this 
Q(a, 1, х) = 1 — ax + a(a + 1)? — a(a + 1)(a + 2x3 +... = 
Ll a ox (axie оя ite noz 

er er. 3 Baus. ЗВ «лыы 


This expansion was derived by Euler [18], and then investigated 
by Trembley [98] and Soldner 89.. 
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From (10.21) it follows that Q(a, 1, x) satisfies 1 the equation 
xy! + (1 + аду = 1. 


The power series associated with (а, 1, х) diverges everywhere 
except at the point x = 0. The continued fraction (10.22) relating 
to Q(a, 1, х) is uniformly convergent in any finite domain in the 
complex x-plane, which does not include any point on the negative 
real axis. 


§ 11. Continued Fraction Expansions of Prym’s Function 


1. The following expression: 
F(a) = J enm (а > 0) 
0 
is called the Gamma function. One of the generalizations of the 


Gamma function is Dram e function [7 x*-1e-*dx. We introduce 
the function 


= yla et [ета (11.1) 
T 
the continued fraction expansion of which was considered for the 


first time by Legendre [50]. We shall assume that x > 0 and that 
a is a real number. Differentiating (11.1) with respect to x, we have: 


l—a 


+ 


y = 





— 1 
"E а 
i.e. 
xy — (1 — a + ху = — x. (11.2) 
2. Legendre [56] considered a more general equation which is 
easily developed in the form 
xy’ — (1 — a + х)у — 91у2 = — x, у(оо) = 1. (11.3) 
In order to reduce this equation to the form (1.20), we write 


1) In order to verify this it is necessary to write у = 1/2 in (10.21), and 
then to denote z by y. 
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x = UL Then we have 


Therefore equation (11.3) becomes 


1 1 
= ава we E IP Bu жгт 
ty (1 ar)» дуу 7 
i.e. 
Ру’ + [1 + (1 — ау + ду? = 1, y(0) = 1. 


Writing у = 1/2 in this equation, we have 

















£25' 1 ôt 
EE рй а к > 1, 
i.e. 
Ё — [1 + (1 — a)t]z + 22 = д. (11.4) 
Comparing (11.4) and (1.20), we see that here k = 1, В = — 1, 
Ві = — (1 — а), yı = 1. Therefore expansion (1.21) becomes 
Q1 61-2396 WII (+20) 
=j d aay + exl dec 
Ié Lat бя! а 
se. zz "ef —1 S E 
1.е. 
кесар а ct (1+1) (à +2—а} 
1 + 1 + 1 Tee 
ën Lan (ôi +n + — aX 
ad "E =} 1 Beut 
From this 
x ô+ l—a $ +1 äu +2 —а 
к + 1 + x + 1 +... 


äi La +9 +1 — а 
pal x + 1 Sen 
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In particular, 


со 
xla er | yal et dx — 


т 








0X l—a 1 2—а ^ n+l-a 
Fi Dee p edt ea, р 1 „ыгы? 
Consequently (x > 0, a real), 
et [edm = 
NE l—a 1 2—а n nt+l—a (11.5) 
er VE d Bert 1 dus | 


Contracting the continued fraction (11.5) with the help of relations 
(2.8) of chapter I, we have 


oo 
ef Газета == 


т 


ха l—a 
х+1—а—х-+3—а— 


2(2 — — 
еи ЕЕ. ле TS) 
фа – ... — х -2n--1—a — ... 
Expansion (11.6) was derived by Tannery [95] for х = 1, and 


by Laguerre [47] for general x. Expansion (11.5) and (with x = 1) 
(11.6) are given by Nielsen [59]. A more detailed exposition is 
to be found in Nielsen [60]. 

3. Putting а = 0 in expansions (11.5) and (11.6) we obtain 





ES (- 1 1 
dx =e-%(— — — 
x xp Ex 
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and 
E ( 1 1 

-— dx =e% 

x ze+1—4s+3 — 

4 2 
аа ). (11.8) 
— 545 —...— х К 20 +1 — ... 

respectively. А 


The integral E? (e*[x) dx is called the exponential integral 


and is denoted | by Ex(x). Therefore the continued fractions 
(11.7) and (11.8) are the expansions of the function E:(x). Con- 
sequently, replacing x by —x in (11.7), and changing the sign 
of both sides of the expansion, we obtain for x « 0: 


] 1 1 n n 
Ei = g7 | — — — — — . 11.9 
E el. ] — x _ 74.) ( ) 
0 |] 1 x—1 





4. The function 


rum т х 
t at ах 
i (In x) — ge косы ыш 
Int t In x 
0 


is called the logarithmic integral, and is denoted by li (x). Hence, 
from (11.9) we obtain 








0 


Lo 
li) —-— u (11.10) 


Inx — 1 — Inx —...— dc 


5. Putting a = à in (11.5), we have when x > 0 





| e? ух 1 2 3 4 

£ m dium p n— u 

x x +2+х-+ 2-+ *-.... 
2n 2n + 1 


: — . 11.11 
. x + 2 +... ( 
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Putting @ = — | in (11.5), we have when x > 0 
[= 1 2x 1 3 2 
ex dx = —— — — — — 
x? x?-L1-F-x--1-x-4.. 
z 
2 
Еш (11.12) 
.+%+ 1 z EM 


Expansion (11.12) was derived in another form by Laplace [49]. 
6. Replacing x by x? in (11.5), we obtain for x > 0: 


er | x2a-1 ee dx = 

т 

$22 2(1—a) 1 2—a 2 n n--l—a 
“wet 1 ++ 1 м 1 d 








In particular, when a = $, expansion (11.13) becomes 
ez | е-©4х = 
_ Я 1 2 3 4 2n 2n+1 (11.1) 
22 +1 +22 +1 +22 +... 20% 4 1 +... | 
Expansion (11.14) was derived in another form by Laplace [49]. 
Jacobi [33] and Seidel [87] also concerned themselves with it. 
7. We now discuss further integral representations which may 
be derived for the continued fraction expansion (11.5). In order 
to do this we consider the double integral 


1 
= | [eme du dv 
Г(ә) (В) 


00 


(x20, B>0, x > 0). 
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We have, integrating with respect to u, 


1 
I = ——— Језа f emma = 
Г(@«)Г(В8) 
0 0 
22:4 | е-%&-1 40 
2 F(a) J (1 + xv) 
0 


Integrating with respect to v, we obtain: 


J e-tyb-ldy | г? 21-149 = 
(8) 





Г@)Г 
0 
е-“и8-14и 
1 + xu) 
0 
Hence 
1 ` san du 1 т виа dv 
| - | (11.15) 
Г(В) J (1--xw)* F(a) J 1-м} 
0 0 


(«> 0, B> 0, x > 0). 


The validity of this transformation is demonstrated in any 
course of mathematical analysis which considers double integrals 
with infinite limits. 

We put, in particular, В = 1, x = 1/2. Then (11.15) becomes 


со со 


[ e-u du E е-0ра-1 

za = 

(z + ais 2 Ьо B 
0 


0 





e., taking z+ u = Ё, 


Í е1 1 | £-?y^-l 
cn tpz - - —- | —— фо 
[^ I (a) 2-+% 
i D 


From this formula, putting a 1 a (x >- 0, x>- 0), one can 
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deduce the following expression for expansion (11.5): 





1 | е—90%-1 фу 
REN ху 
0 


ol ЛА «аыр 2 natn (11.16) 
Died Уер сорса P і 








This expansion was obtained and investigated by Stieltjes [92]. 
With the help of (11.6), we derive from this: 


1 d e ?yo-l 
| dv = 
Г(ә) х о 











u 1 a 2(® + 1) 3(« + 2) 
CU Weed 20 rau ordeo. 
sand) e. (1117) 
..— *+a+2n —... 


This expansion was derived for а = 1 by Tschebyscheff [100] 
and then by Laguerre [45]. For апу «> 1 it was obtained by 
Perron [73]. 


§ 12. The Continued Fraction Expansion of the Incomplete 
Gamma-Function 


т 
1. The expression / х2-1е-24х (а > 0) is called the incomplete 
gamma function. ° 
We introduce the function (x > 0) 


y = yter | eee (12.1) 
0 


Differentiating (12.1) with respect to x, we obtain 


р а 1 
у=——у-+у-+—. 
x x 
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Thus y satisfies the differential equation 
1 
ху’ + (a — xjy— 1 =0, MIST: (12.2) 


We put y = 1/(а + yı). Equation (12.2) becomes 
— «yi + (a —x)(a + у) — (a + y)? = 0, 
or, removing brackets, 
— xyi + ауу — ax — xy, — 2ayı — у? = 0; 


finally we write it as 

















xyi + (a + х)у + y? = — ax. (12.3) 
Comparing this equation with (1.15) we see that here k= 1, 
т —0,8-—a,g'—1,y—1, 6 = — a. Therefore (1.18) becomes 
_ —ах (—a-cl-cax* (-a—1) (-a+2+a)x 
Ht aua 2+а + 3+a + 4+a +. 
(-a+n+aa (—a—n)x 
E 2n +a + 2 +1-+а 4... 
From this 
т 
ver [nenas = 1 ах x (1 + а)х 2х 
a—lI+a+2+a— за +4+44... 
0 
nx (a + и)х (12.4) 





wet 2n +a — 28 14-а +... 
2. We develop y as a series. We write 
y = Ао + Aix + Ax? + Agx3 + ... + Aart, 


Inserting this expansion into (12.2) we obtain: 


У nA nx” -+ a У A „хп ке > Aa AH — 1 = 0, 
1 


ne n-ü n=l 


1 
Ло a (n + a) An = An-ı. 


Khovanskii, The applic atom 11 
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Hence 

1 

Аһ= е 
T a + а)... (n +a) 
ie. 
ud x x 
Pi Pear aps a cu 
x^" 
ahe 


a(l + а)... (n+ a) 


Using identity (3.1) of chapter I we form the continued fraction 
equivalent to this series. We have 




















1 х х х 
а 1+2 2 та n+a 
MEI 5 x , 
i UU E Cep eI cT qeu 
i.e. 


х uet | ха 1е 1х = 
0 
1 ax (1 + a)x (n — 1 + а)х 


== . (12.5) 
a—lta+t+x—2+a+x%—...— ntatnx —.. 








This expansion was derived by Nachreiner [58], Lerch [51] and 
Perron [72], the latter (Perron [73]) does not indicate that this is 
an equivalent and not an associated fraction. 


CHAPTER III 


FURTHER METHODS FOR OBTAINING RATIONAL 
FUNCTION APPROXIMATIONS 


§ 1. Obreschkoff’s Formula 


1. If we know the general form of the coefficients of a continued 
fraction which is the expansion of a given function, it is in general 
not possible to determine the general form of the convergents of 
this expansion. Only in certain cases is it possible to determine 
the general form of the convergents. The most general mode of 
treatment of this problem is attained with the help of a formula 
of Obreschkoff [62], which is one of the generalizations of Taylor's 
Theorem. We proceed to the derivation of this formula. 

2. Let the function f(x) be m + k + 1 times differentiable in 
the interval [xo, x]. We introduce the following notation: 

== = т 
| SP = foo) + EP ro +... + ELI 
< SO SOL SE 50), 


Sp = SED 50-0 4 + 50-0, 
Then 1 





т (хо), 


х — 
1! 


(х — xo)? 
2! 


SO = (m По) + m — ро) + 





(x — хо) 
т 


+ (m — 1) ried +. + ET шд, 


ES 5 , X — XQ ,, 
AD = Cia (хо) + Єў та Бии 7 (хо) + 


„ (* Xo)? ,, X — X%o)™ 

TE PEN 
Ы т: 

н ГАО | k D). (m + hr + 1) 


! Cha ris the Innonmal coetfu ient М 
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Assuming that 


50 = = Ck af (xo) + CE xd > f (xo) +... 
X — Xo)™ 
"m EN jem (x0), (1.1) 
then 
m т-—1 = 
SUD = E CH i S f (xo) + > Ch aac FC) + 
— Xg)2 
VEO. 2— QUEUE u f” (xo) + 
za m х — 
+ EN gem) = Chg leo) + Ch, ==" fta) + 
E 2 = 
4 CER, a (x — xo) f'(xo) + ... + E jm ч) f" (xo). 


2! 


By means of this formula, (1.1) is proved for all non-negative 
integers m and E. 

3. With the help of our notation, one can transcribe Taylor's 
formula with the remainder term in the form of a definite integral: 


=E Pig) +... EN mag) + 





lx) = (хә) + 5 


+ = | (x — tymfen*0 (t) dt (1.2) 


To 
as 


SO = f(x) е ы рт}т+1 (t) dt (1.3) 
то 
We demonstrate the validity of the following formula of 
Obreschkoff: 


(x — xo) 


> » 
50 = UA (= ICH es — ———— f(x) UN 


»=0 
т 


f (x — t)m(xo — дети. (1.4) 


To 


1 
^ kim! 
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When & = 0 this formula is correct since, when & = 0, it reduces to 
(1.3). 
Introducing the function 


gx(Xo, f) = bi GE ү, DD у = 
k x — E ГА 
= E an, A qot, 

then 

ә m (x — x0) 
Iu um e k A007 р) 
дхо Ек(х0, f) XE Cha (v pex 1)! f (хо) + 
+E CE gm fe*» (хо) — 

»=0 ы 

k (x emt хо)” 1 

TEM Auer »-1(m IO — 

PE ICH eps Geng fe (x) 

m-—1 — D 
El Chan) ET еш) + 

— т k-1 T » 

+ SEP ушыш) — E (= PCan S en fer) = 
= EO ER унщ) — 

v=0 y»: 

k—1 (x c 


N 7709" penis) eate f. 


But according to (1.3) 


в) — | (к — утуе. 


Then 


H 1 d 
mee) `. Je- omana, 


T 
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i.e. 


вц) = veer | @— ames — путна. 


Zo 
Repeating this process, we obtain 

т 
| (x — t)n(xo — t)*fen-k70(10 dt. 
To 
Thus formula (1.4) is proved. 

A generalization of Taylor's Theorem similar to Obreschkoff's 
formula was proposed by Hermite [31]. Kowalewski [40] derived 
Obreschkoff’s formula with the help of generalized Cesaro summa- 
tion, and also from Kowalewski’s derivation one has the general 
integral formula. Tschakaloff [99] applied Obreschkoff’s formula 
to obtain a formula for approximate integration, and Pflans [74] 
for the solution of certain differential equations. We apply this 
formula to obtain the approximation of certain functions by 
means of rational fractions. 

4. We derive a further form of formula (1.4). For this we divide 
both sides by CH. 


gr(xo, f) = 


~ Rim! 








k m — y 
5 (— ly CL ES (x хо) fe (x) 28 
»=0 Car ai 
m СЕ, (X — х0)” 
= 5 "ык CU ws + 
CH т+Е v 
] 
— Bn — ДАНТЕ (Hdt. 
fpes Is rise — 0+ 
But "t 
Cnt kr = Ci ; (1.5) 
СТЕ Chick 


since this relation is equivalent to the identity 
(m+ k —»)(m + k—»—1)...(& бэ!) 
(m + E)(m + k — 1) ... (k +1) 
k(k — 1) ...(&— v +1) 
(m + Him +k — 1)... Datt 
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The left hand side of this identity is obtained from the right hand 

side by multiplying the numerator and denominator of the right 

hand side by (m + k —»)(m + k —» 1)... (k +1) = 
Exchanging the róles of m and & in (1.5), we obtain: 





k k v 
Chives m Сатру = C 
k = т = v * 
Cm+k Стчь Cm: 


One can, therefore, derive the following form of Obreschkoff's 
formula, used by Beck [9]: 











k C; (enge. 
Sure 
m С? » 
=> б; (х - 0) f? (хо) + 
— [eot aerem (16) 
(k + m)! , idis 


To 


In such a form, Obreschkoff’s formula permits the derivation of 
the general form of the convergents of the continued fraction 
expansions of certain functions. 


§ 2. The Derivation of Rational Function Approximations 
to Certain Functions with the Help of Obreschkoff’s Formula 


1. In (1.6) we put xo = 0, f(x) = e*. Then 














(—1)™tk d 
WACH, 2 m ET Ten — aea 
En rs 
C= зе EE v " D (2.1) 
see Stee 
v=0 CLE »! v=0 Chik »! 


In this expression are included all convergents of expansions (5.1) 
and (5.3) of chapter 11. The existence of the remainder term allows 
an estimation of the accuracy of the approximation to be made. 
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In particular, when m = k 


























k С; CH 
E E С» H = 
Е С” x) 
gps ie 
EN ) Co, vl 
Ci Ci Ci 
2 k 
tat tag aq СО ТОЖЕ 
Е C1 С? C% 4 
Pos E Be E jk E k 
aw» "rV UI A NIB 
ie. 


2 2k(2k —1)...(k2-1)-- CL(2k — 1 (2k— 2)...(k-- 1) +... tk 
"am т) ДЕ) Св 1) (282). (в) Пай 
(2.2) 











In this expression are included all the convergents of expansion 
(5.5) of chapter IT. 

Darboux [12] was the first to concern himself with the rational 
fraction approximation of e7, and this problem was considered 
systematically by Padé [64]-[70], in the context of a whole series 
of relations between rational fraction approximations and con- 
tinued fractions. 

2. From the relation 

e?z — 1 


tanh x = ————— 
es +] 
and from (2.2), we have 


tanh x ~ 

CL(2h — 1) (2k — 2)...(k-i- 1)2x 4- C2(2k — 3) (2k — 4)... (& 4- 1)8x3 4-.... 
^" 2k(2k—1)...(&4-1)-- CEQk— 2) (2k —3)...(&-- 1)4x8 4- 
+ CL(2k— 4) (2k — 5)... (& -- 1) 16x4+... 





Й 


1.е. 
tanh x ~ 
Ch(2k—1)(2k—2)...(k-+1)x—C3(2k—3)(2k—4)...(R-+1)4x8+... 


С” R(2k— 1)... (B+ 1) + C2(2k—2) (2k—3)...(R+ 1222+ 
--C&(2k— 4) Qk— 5)... (k-4- 1) 8x4... 


(2.3) 
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This is the general expression for all the convergents of expansion 
(7.2) of chapter II. Replacing x by :x in (2.3) and dividing the right 
and left hand sides by $, we obtain the general expression for all 
the convergents of expansion (7.1) of chapter II. 

We note that the approximations deriving from (2.4) and (2.2) 
for cos x, cosh x, sin x and sinh x are not very accurate. We do not 
therefore write them out. 

3. In (1.6) we put xo = 1, f(x) = x^, where n is an arbitrary 
real number. Then 
































k C? — 1) 
У (-1} =: Co ne 1)... (n — v + 1)» ~ 
»=0 Ck »! 
п Cu (x—1y 
Fun ( ; ) n(n — 1)... (n —v+ 1), 
»=0 Cm+k у! 
whence 
s Cut 
X «y 
EN бы | (2.4) 
k СС, (x—1y 
X (17 2 : 
r=0 m+k х 
When m = Ё equation (2.4) becomes 
k CO 
à 1 
oo . 2.5 
UT жже № GE 
»=0 | Cor T 
In particular, with & — 1 
I+ Ze) 
+ x Br 
en 2 2— n+ пх 
| п x—l1 n+(2—n)x 
2 х 


For example, when х = 2, п = $ we have: 


(2 ety)? 
Y2 = E. = 14 1273 
> 5 БЕ | 


1 
GE, 
3 3 
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The exact value of 4/2 is 1-2599210... 
When k = 2 


n n(n — 1) Р 
С итд ОЕ. 

ХЭ ni — 
m. x—1 n(n — 1) (х— 1)? 
а а 8 x2 








_ 12 + 6n(x — 1) + n(n — 1)(х — 1)? à 
12x? — 6nx(x — 1) + n(n — 1)(x — 1)? ar 


For example, when x = 2, и = $ we have: 


2 
12+2- —)4 
( in 3 _ 248 


/2 =- — — = 1.2589. 
Me 2 197 
12.4 — 2.2 — — 








This approximation is not among those which may be derived 
from expansions (2.1)-(2.8) of chapter II. 


4. In (1.6) we put xo = 1, f(x) = In (x). Then 


| Ch («—1у (-1n 
In x + — 1)” ~ 
zit atb y x” 











Be), 








—] yl, 
vc) Cran x en 
whence 
m C, (5—1) к С; (к—1ў 
In x — —]1y-i . (2.6 
ч E СЕР РА ( ) +2 Cntr yx? ( ) 


With ж = &, this relation becomes 


> 


А Е y— 1 P 
Ine e [ ya t] (x — 1}. (2.7) 


In particular, when А = 1 


ше (1+) е0) = (s - 5). 


2 x 
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When & = 2 


2 1 1 1 
~w — — — —{ — — — 2— 
ing 2 (1+) nu el 1+) 6 ) 


х? — 1 (х2 — 1)(x — 1)? 


2x 12x2 : 


hc d ГРАНИ ` 28 
Innen: (2.8) 
Approximation (2.8) is not contained among those which may be 
derived from § 4 of chapter II. 


§ 3. The Solution of Certain Difference Equations with the 
Р help of Continued Fractions 


1. In section 5, $9 of chapter II we have already encountered 
the solution of difference equations with the help of continued 
fractions. We now consider examples of more complicated difference 
equations and derive from then continued fraction expansions of 
certain integrals involving elliptic functions. We consider the 
Jacobian elliptic functions which are defined by the following 
formulae: 


y 
| dt (x, À) 

х= |, y = sn (x, В) = sn x, 
: vi — #)(1 — 228) 4 





1 
»= | 
V(1— 2)(1 — А2 + R2) d 
H 


= сп (х, k) = cn x, 


at 


= 5 =d QR =d D 
` =a ео 


These functions satisfy the following relationships, which we 
shall subsequently use: 


sn? x + cn? x = 1, (sn x)’ = enx dn x, 
dn? x = 1 — А sn? x, (cn x)’ = —snxdnz, (3.1) 
(dn x)’ = — R?snxcna. 


We remark that w0 0, спо = 1 and апо = 1. 
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When k = 1 
1 
sn x = tanh x, cnx = dnx = e (3.2) 
cosh x 
When k = 0 
sn x = sinx, cn% = cosx, dnx-l. (3.3) 
2. Let 


оо 


Un = | е2 sn” tdt. 
0 


Then when ж > 2 we obtain, by integrating by parts (with x > 0): 
d Dp d 
= fe Fe ene T е Шет аш e 

0 0 


But according to (3.1) 


d 
— sn? 4 = n sn”-l tcn tdn ż, 


dt 

d? 
dB sn? f == #(п— 1) 50-2} cn? ! dn? {— я sn? tdn? (| — ken sn” £ cn? = 

= n(n — 1) sn*-? t(1 — sn? t)(1 — k? sn? t) — 

— n sn? ДТ — 22502 + А2 — k? sn? t) = 
= n(n — l) sn” t — n(k2n — k? + n — 1 + 1 + А) snt + 

+ (k?n? — k?n + 2k?n) sn®+2t. 

Hence we have the difference equation 


Xun = n(n — (ës — n?(1 + R2)ua + n(n + l)k?ug,o. (3.4) 
3. When n = 1 


u l f at ы t dt 
= — | e% — sn = 
1 x dt 


0 


1 

— [== cntdntdt = 
x 

° 


1 oo 
= [- —- cn р dn teas | + 
x? 0 
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1 
E T d [— sn # dn? # — А2 sn t cn? t]e-*t = 


oo 


1 


gee ж) = ҢІ + А2 — 28° sn? де = 














1 u 2k? 
aic ci + Eja d ua 5m 
From this 
1 
ui = А 
u 
х2 +1 + А2 — 252 S. 
u 
But from (3.4) we have: 
un _ (n — l)n 
"rä HR) x? — n(n + Dë ae 
п 
Непсе (Ковегѕ [81]), 
| 1 1.22.3ЗА2 3.42. 552 
ett snidt = 
1 + k2 +22 — 32(1 + 22) + х2 — 52(1 + k?) + x2 —... 


0 
(2n — 1)4n?(2n + ПА 








3.5 
— (2n + 1*0 F k3) + x? — ES 
In particular, with Ё = 1 (bearing (3.2) in mind) 
1 1.22.3 3.42.5 
-zt tanh tdt = 
f: Y 24m — 2.32 ря? — 2.58 42 — .. 
0 
2n — 1)4n2 1 
(2n — 1)4n®(2n + 1) idis 





Les Qs LIj Xd px? —... 
4. We note that (3.6) may be written as: 


oo 


X [= tanh ¿dt = 


0 


x 1.22.3 3.42.5 
1.2 -|- x2—2.3 + 3.44 x2—4.5 + 5.6 + x2— 
(2n — 1)4n?(2n + 1) 
2n(2n ı 1) | (2n + 1)(2n + 2) + x? —.... 
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From this, using relations (2.9) of chapter I, we obtain the ex- 
tensional of this continued fraction 


oo 


x | e-*t tanh tdt = 


0 


1.2 2.3 n(n + 1) 


1 
Е PS р 


This was given without derivation by Stieltjes [93]. Integrating 
the left hand side of (3.7) by parts we obtain the relationship 


oo 


sus qu ds en (3.8) 


di = 
cosh? ¢ e+ х + х +... + % : 





0 


also given without derivation by Stieltjes [93]. 
5. When и = 2 we have 


1 Q0 2 4(1 + А2) 6k? 
ЕЯ А а x9 х? Pant х2 
0 





иә = Ua, 


2 

Xu» = » ` 
22(1 + k?) + x2 — 6k? 
Ha 





ie. (Rogers [81]) 





x | et sn? tdt = 
22(1 + А2) + x? — 42(1 + #2) + x2 — .. 


2n(2n + 1)2(2n + 2)Ё? 
2.— (2n + 2)2(1 82) F — 7 


| 2 2.32.42 
0 


(3.9) 





In particular, when & = 1, (taking note of (3.2)) 


| ett tanh? tdt = 
0 
2 2.32.4 2n(2n + 1)2(2n + 2) 


ора 2413 гар (3.10) 








§ 4] ITERATION 163 


From (3.8), with the help of the equation 1/cosh?¢ = 
= ] — tanh? ż, we obtain: 


€-*t tanh? tdt = 1 — — — —— _— 2 
х+ 5 + х5 +... + x Tues 


(3.11) 


af x 1.2 2.3 n(n + 1) 
0 


§ 4. The Derivation of Rational Function Approximations by 
means of Iteration 


1. Knowing ! that when x > 0 

















Gett 1п2х In3 x In” x 
x-—l-rinx + ER 31 LI oa a 
E | ln? x In? x [jam 
quo PU уле TASSO ы эана 

we have 
x+— =2+1n?x > mur 
= + 12 360 ^ 
4 In8 x 2 ln?” x 
20160 57 * (2n)! ы 
(4.1) 
Inst 1n3 x In? x 
X — — = % 
3 60 SS 
ln? x 21n??-1x 
2520 depen (2n — 1)! 
Consequently, 
1 ( UE 2 ln? x ( 1 1 ) F 
et EE, E —— Jln х 4 ..., 
шш Gr e" t-z 1 (зво 240 T 
1) Derived from the series 
1 оок х2 дз an 
ELLA EAE een 


replacing x by In 1 and In v aespectively, 
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1.е. 
x2—1] 
x In? x + In x ~ 2(x? — 2x + 1), 

2(x — 1)? 4.2 
йарык = Se 

x2 — 1 А 

х 

2 + х а 


Inserting опе of the approximations (4.7) of chapter П іп (4.2), 
we have 
2(x — 1)? 
x2 — 1 3x(x? — 1) 
+ -2 
2 х2 + 4x— 1 





lnx e 





4(х — 1) (x2? + 4x + 1) 
— (x + 1)(x2 + 10x + 1) ' 
Approximation (4.3) is suitable over a wider range of values of 


x than approximation (4.7) of Chapter II (c.f. § 6 of this chapter). 
2. From expansions (4.1) we have: 


( UD 1 = = in? x In? x 
qw ашы 3 h*t-gg + 1890 +” 





(4.3) 








and 


( -) ( шя — In? x In$ x In8 x 
шше б e rg 2016 ''" 


From these 


( I ( у. ( US? ( i) = 
ше 24 Ше CHEERS уйл түтүү 




















loan SpA REN In8 x 
= — —In?x S 
6 2 + 60480 7 ў 
і.е. 

1 In? x 3 1 1 

— — — — acl — — I 
СЕ в) 24 = (= JL : 


_ In8 x 
~ 60480 ^" 
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As can be seen, one can, to a very high degree of accuracy, put: 


(х2 — 8x + 1) In? x — 9x2 — 1) In x + 24(x — 1)? ~ 0. 

















From this 
24(х — 1)? 
In x ~ d : (4.4) 
9(x? — 1) — (x? — 8x + 1) ах 
Inserting approximation (4.3) in (4.4) we have 
24(x — 1) 
In х c D 
TEE 4(х® — 8x + 1)(x2 + 4x + 1) 
(x + 1)(x? + 10x + 1) 
i.e. 
| 24(x? — 1)(x? + 10x + 1) 
nm . 
5х4 + 124х3 + 318x? + 124х + 5 
Factorising the denominator, we have finally: 
24(x2 — 1)(x? + 10 1 
In x ee) Or (4.5) 


Т” (x? + 22x + 1)(5х® + 14x +5) ` 


Approximation (4.5) is suitable for a still wider range of values 
of x than (4.3) (c.f. § 6 of this chapter). 


§ 5. Table of Approximate Values of e* 


1. Using expansions (5.1), (5.3) and (5.5) of chapter II we obtain 
the following approximations to e*: 











Г 2+ х 2 6+4x+x%2 4 12 6x + x? 
KE 6—2x ' ) 12 — 6x + x2’ 
py 60+ 36 + 922 +28 120 + 60x + 12x2 + x3 
) 60 — 24% + 3x2 ' 120 — 60x + 12x2 — x3’ 


1680 + 840x + 180x? + 20x3 + x4 
1680 — 840x + 180x? — 20x3 + x4 ' 





6) 


30240 | 15 120% | 3360x? + 420x3 + 30x4 + x5 
30240 151201 : 3360x? — 42043 + 30x4 — x5 ` 


Khovimskit, The appli atien 12 
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From these we derive the following table: 
TABLE 1 

x er ) 2 3) 4) 5) 

1 2-71828 30 2-75 2.714 2.71795 2.71831 

2 7.38906 9-0 7.00 7.33 7:400 

3 | 20-08554 13-00 18-4 20-7 

x ет 6) 7) 

1 2-7182818285 2-71828172 2-7182818287 

2 7.389056 7-38889 7:3890578 

3 20-08554 20-065 20-08597 

4 54:59815 53:73 54:63 

5 | 148-41316 149-7 


1) 2 


6) 





§ 6. Table of Approximate Values of In x 


1. From relations (4.7) of chapter II and (4.3) and (4.5) of 
chapter III, we have the following approximations for In x: 


x—1 


3(x2 — 1) 





ytl’ 


х +46 +1’ 


5(x2 — 1)(5х® + 32x + 5) 





6(x* + 16x3 + 36x? + 16x + 1) ' 


24(x? — 1)(х? + 10x + 1) 





(х2 + 22x + 1)(5x2 + 14% + 5) ` 


(x — 1)(1 1%? + 38x + 11) 





D 


3(x + 1)(x? + 8x + 1) 


A(x — 1)(x? + 4x + 1) 
(x + 1)(x? + 10x + 1)’ 





5) 


From these we obtain the following table: 





TABLE 2 
X In x 1) 2) 3) 5) 5) 6) 
2 | 06931472 0-67 1.66923 0.69312 06931464 069333 0-69311 
4 | 1-38629 1-20 1-364 1.3837 1.3860 1.389 1.3860 
6 | 1.79176 1-43 1-72 1.779 1-7894 1:797 1.7923 
8 | 2.07944 1.99 2-008 2-072 2-081 2.082 
10 | 2.30259 2.25 2.287 2.296 2-307 
12 | 2-48491 2:465 2:490 
14 | 263906 2:644 
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87. Table of Approximate Values of tan x and tanh x 


1. From expansion (7.1) of chapter II, we have the following 
approximations for tan x: 
3% 2) 15x — x3 105x — 10x3 
3— x2’ 15 — 6x2’ 105 — 45x2 + х4 ' 
945% — 105x3 + x5 
945 — 420x? + 15x4 ` 


1) 





From these we obtain the following table: 


TABLE 3 
x | tan x 1) 2) 3) 4) 
1 1-5574077 1-50 1-55 1.55738 1:5774074 
2| —2:1850 — 2.44 — 2:203 — 2.1859 
3 | —0-143 — 0:46 — 0:150 


From expansion (7.3) of chapter П, we have the following 
approximations for tanh x: 
Зх 2) 15x + х3 105x + 10x3 
3+22’ 15 + 6x2’ 105 + 45x? + x4 ' 
945x + 105x3 + x5 
945 + 4203? + 15x4 ` 





1) 





From these we obtain the following table: 





TABLE 4 
x | tanh x 1) 2) 3) 4) 
1 | 0776159416 0:750 0-7619 0-761589 0:76159420 
2 | 0-96403 0-86 0:974 0-9635 0-96405 
310-9951 1-04 0-990 0-9955 
4 | 0:999 0-981 1:002 


§ 8. Rational Function Approximations for sinh x and sin x 


1. In this and the following sections of this chapter we give some 
rational function approximations for functions for which the 
general form of the continued fraction expansion is unknown. 
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We shall use the method of Viskovatoff (section 6, § 3, chapter I) 
to derive the continued fraction expansions of such functions. 
2. Applying the method of Viskovatoff to the expansion 























x3 x5 х" 
sinh x = x + 31 Eer or pe 
we obtain 
1 
1 1 1 1 
; ©. 120 5040 J 
1 1 1 1 
DTE | 1200 5 Of 
1 1 11. 
360 840 = Әр 
11 13 
— 720.420 30.9! 
551 
10!7.1080 
Thus, 
Lo m MW. y 551x2 
x 6 360 720.420 1017.1080 
sinh x = — = 
I 1 7 11 
EA s 360 ^" — 720.420 ^ 
x x 7x2 11x2 
Cp ue. ox. Wü. ^98 + 
0 x 6x 60x + 7x3 5880x + 620x3 
11 6—4 60—3x? 5880 — 36042 + 1144 
55142 
198 Blass: 


1 164 240x + 155 820x3 + 3857x5 
1164 240 — 38 220x? + 525x* 
166 320x + 22 260x3 + 551x5 
166 320 — 54602 + 75x4 
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3. Now applying the method of Viskovatoff to the expansion 
А x3 x5 7 x9 
sinh x — x — 31 + 5i + 7i ion due 
we have: 
1 
1 1 1 1 
6 120 5040 9! 
1 1 1 
120 5040 9! 
11 13 
^ 60.7! 30.9! 
1 
41.91.42 
Thus, 
x3 х2 lix? x? 
6 120 60.7! 41.91.42 
sinh x = x + — = 
1 1 1 11 
e 120 Gbale 
х? 11x2 
x3 20 60 300x2 
=к=ф SS SS . 
6 1 42 — 11.72 +... 
6 
Finally 
Я x3 3x? 11x? 25x2 
sinhx=x+ —- —— —— 2 . 
6 10 + 42 — 66 —... 
x 6x+x3 60x+7x%3 2520х--360х34-11х5 
1 6 60 — 3x2 2520 — 60x2 


4. We have thus the following approximations for sinh x: 


5880x + 620x3 





6x 60x + 7x3 
6 — x2’ 60 — 3x2 ’ 5880 — 360x2 + 11x4 ' 
2520x + 360x3 | I1xd 166 320x + 22 260x3 + 551x5 
166320 — 5460x2 + 754 ` 


) 26 


2520 60: 
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From these we obtain the following table: 


TABLE 5 
x | sinh x 1) 2) 3) 4) 5) 
1 1-17520119 1-20 1-1754 1-175194 1-175203 1:17520117 
2 3.62686 6.0 3.66 3-622 3-6281 3-62680 
3 | 10:018 11:2 9-7 10-08 10-011 
4 | 27-3 27.04 
5 | 74 70 


5. If in the expansions for sinh x given in sections 2 and 3, we 
replace x by 1х and divide both right and left hand sides by $, 
then we obtain two expansions for sin x 


: x x? 7x? 11x? 551x? 
sin x = — 


26 = 10 + 98 — 198 а’ 





x3 Зх? lix? 25x? 
6 + 10 — 42 + 66 +... 


Consequently for sinx we have the following approximations: 


5пх=х— 








) 6% 2) 60x — 7x3 5880x — 620x3 
64+ x2’ 60 + 3x2 ’ 5880 + 360x? + 11x4’ 
2520x — 360x3 + 11x5 166 320x — 22 260x3 + 551x5 
2520 + 60x? 2 166 320 + 5460x? + 75x1 


From these we obtain the following table: 





TABLE 6 
Ж | sin x 1) 2) 3) 4) 5) 
1 0-84147098 0-857  0-84127 0-841465 0-841473 0-84147101 
2 0-90930 0-889 0-9071 0.9102 0-90934 
3 0-141 0-09 0-168 0-144 
4 | —0:76 — 0:72 
5 | —0-96 — 0-65 


The expansions 


x? 75? lix? 5512? 
sin X T 6 — 10 + 98 — 198 +... 
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and 
x 1 x? 3x2 lix? | 25x? 


sin x =a 6 E 10 — 42 + 66 —... 





occur in the book by Kornoukhoff [1]. 
The approximation 


60x — 7x3 


sins 0 ре 


is given in a paper by Deschmann [13]. 


§ 9. Rational Function Approximations for cosh x and cos x 


1. Applying the method of Viskovatoff to the expansion 

















x? х4 x6 
cosh х = 1 + 2i + 3! + 6l +..., 
we have 
1 
| 1 1 1 1 
2 24 720 8! 
1 1 1 1 
SC? 24 720 в! 

5 7 27 

24 360 8! 

1 11 

960 6.8! 

313 
720.8! 
Thus, 
x? 5x? x? 313x2 
1 2 24 90 720.8! 
cosh x = - - уши ug анаи = 
1 1 1 5 1 
+. 


2 24 960 
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| CHAP, III 
1 x? 5x2 3x2 
D Ge ae a ЗЕ 50 + 
O 1 2 12 + 5x2 600 + 244x2 
ТТ 2—4# 12—x2 600 —56x2 + 3x4 
313x? 
+ ER 


75 600 + 34 500x? + 5.313x4 
75 600 — 3300x? + 65х4 





15 120 + 6900x? + 313x4 
15 120 — 660x? + 13x4 
2. We now apply the method of Viskovatoff to the expansion 


1 
cosh x — 1 = — x? 


1 1 
ea pon у. ж “тт сё Е 
оар 
We have: 
1 
1 1 1 1 
2 24 720 в 
1 1 1 
24 720 8! 
1 1 
960 6.8! 
13 
24.30.8! 
Thus, 
x? х2 х? 13x2 


2 24 960 
cosh x ~ 1 + 





`24.30.8! 


2 24 905 
x? x? 3x? 13x? 
mp за 36 ss буш 
2 6 + 10 = 126 — 
1 242 12-45%? 120456%243x4 15120-6900x24313x4 
1 2 12 — x? 120 — 4x? 


15 120—660x2-+ 134 
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3. Thus, we have the following approximations for cosh x: 








1) 2 2 12 + 5x2 600 + 244x? 
2— x2’ ) 12— x2 ’ 600 — 56x? + 3x4’ 
) 120 + 56x2 + 3x4 15 120 + 6900x? + 313x4 

120 — 4x2 ў 15 120 — 660x? + 13x4 


From these we obtain the following table: 





TABLE 7 
x | cosh x 1) 2) 3) 4) 5) 
1 1-5430806 2 1:545 1:54296 1-543103 1:5430802 
2 3.7622 40 3-72 3:769 3-7617 
3 | 10-07 8-2 10-3 10-02 
4 | 27 32 26-1 
5 | 74 57 


4. Replacing x by 2х in the expansions for cosh x derived above, 
we obtain the corresponding expansions for cos x, which lead lto 
the following approximations: 





1) 2 2) 12 — 5x? 3) 600 — 244x? 
2+ x2’ 124 x2 ' 600 + 56x? + 3x4’ 
у 120 — 56x? + за 15 120 — 6900x2 + 313x4 
1204+ 4x2’ 15 120 + 660x? + 13x4 


We obtain the table: 


TABLE 8 
x | cos X 1) 2) 3) 4) 5) 
1 0-5403023 0-67 0-5385 0-54021 0-540323 0-5403027 
2 | —0-4161 — 0-50 —0:431 — 0-412 — 0-4159 
3 | —0-990 — 0:90 — 0:978 
4| —0-65 — 0-52 


The expansion 
x? x? 3x? 13x? 
cosx -1——— — ——- 
2 + 6 — 10 + 126 


occurs in the book by Kornoukhoff [1]. 
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The approximation 


is given in the paper by Deschmann [13]. 


§ 10. Rational Function Approximations 
for the Error Function 


1. Applying the method of Viskovatoff to the expansion 


T 


А d x? x^ х6 
Г. нак |(1-# + —# +...) а— 














0 0 
x3 х5 x? x? 
Тю 42 916 
we have: 
1 
| 1 1 1 1 
3 10 42 216 
1 1 1 
3 10 42 216 
1 1 5 
90 105 ^. 1512 
13 19 
6300 22 680 
739 
71 442 000 
From this 
z Poi | х? 13 x2 MEE EN. 
[ е x 3 90 6300 71442000 
ей dx= — —— = 
pcd " 1 E 1 à: 13 
9 3 90 6300 Т” 








x x? x? 39x? 739x? 
1+ 3—10+ 7 — 18.13 —...’ 
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i.e. 
z 
2 х х? x? 
er dx = — — — 
1+ 3 — 10 + 





ох Зх 30x — x3 
11 34x 30 + 9x2 





39x2 739х® 
iE TU = 234 EN 
210x + 110x3 49 140x + 3570x3 + 739x5 





210 + 180x2 + 39x4 49 140 + 19 950x? + 2475x* 
From this we obtain the following approximations for erfx = 
т 
= (2/\/л) f e "dx: 
0 
i 2 30x — x8 2 2 210x + 110x3 
Мл 30 + 9x2 ' ) vin 210+ 1802 + 39x4’ 
2 49140x + 3570x3 + 739х5 
мл 49 140 + 19 950x? + 2475x4 ` 








We have the table (2)V x == 1,12838): 


TABLE 9 
x | erf x 1) 2) 3) 


0-5 | 052050 0:52045 0-52050 0-52050 
1-0 | 0-84270 0-83905 0-84168 0-84274 
20 | 0-99582 0-89 0-95 1-008 





§ 11. The Continued Fraction Expansion of Stirling’s Series 
1. The following series of Stirling is known: 
In T(x) = (x — 3) nx — x + 1n 2л + J(x). 


Here 
= В, Ba Ba 
dc 1.2% S 3.4x3 re EI (2n — 1)2nx?n31 pu 





(Bi, Be, ... are Bernoulli numbers). 
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Stieltjes [93] developed /(x) as a continued fraction, not showing 
the general law of formation of its coefficients. We derive Stieltjes 
result using the method of Viskovatoff. 

It is known that 





Hence 





1 1 1 1 1 
= 1 = re 8 
IO) = тоз ( 3022 10554 — 14045 7 9928 ) 
Applying the method of Viskovatoff to this series, we obtain: 


1 
1 1 1 1 


1 ee E E. 























30 105 140 99 
1 1 1 1 
30 105 140 99 
53 43 1367 
6300 140.45 99.1400 
13 391 
6300.14 99.700.21 
22 999 
6300.99.700.42 
From this 
1 1 53 13 22999 
TG) 12x 30x? 6300x2 6300.14x? 6300.99.700.42x2 
x} = — —— = 
I+ 1 1 53 13 
30 t 6300 + 14.6300 des 
1 1 53 195 22 999 
12 30 210 7 11.3.13 





x +x + x 5+ % i 
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Consequently, 


1 1 53 195 22 999 

12 30 210 371 22 737 

Xx + X + x + x + x KE ` 

In such a form the expansion was derived by Stieltjes; he asserted 
that ‘‘with great advantage this continued fraction replaces the 
series of Stirling”. One can write this continued fraction as 

1 2 53 1170 22999 

12x + 5x + 42x + 53x + 429x +... 





J) = 








I(x) = 
Thus 
In T(x) = (x — $) nx — x + 4 In 2a + 


1 2 53 1170 22999 


TX + 5x + 42x + 53x + 429x +... 





§ 12. Rational Function Approximations to Г(1 + x) 


1. It is known (Ruzhik and Gradstein [4], Nielsen [59] р. 40), 
that 


Г(1 + х) = > Cart, 


n=0 
where 
1 n 
Со = 1, Cn = — M (—1)¥en-xse, 
n k=1 
= 1 
Sk A — (k >22), sı = y = 0,57722 (Euler’s constant). 


т=1 m* 
In particular, 


С = — у, 


2 л? 
c2 = $ X (— l)*eo-xsy = i- су + =) = 
=1 


k 
= 4(0,577222 + 1,64493) = 0.98906, 
3 
сз = ВУ (—1)*сз asy = M— coy + с1.1-64493 + 1:20206) =: 
ki 
}.2-72245 = — 0-90748, 
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4 
са = 4 È (— l)*ca-xsk = 
к=1 


= }(— cay + сз.1-64493 + у.1-20206 + 1-08232) = 


= 4.3-92692 = 0.98173. 
Thus 


T(1 + x) ~ 1 — 0-57722x + 0-98906x2 — 
— 0-90748x3 + 0-98173x4. (12.1) 


2. Applying the method of Viskovatoff to the approximation 
(12.1), we obtain: 


1 


1 — 0.57722 0.98906 —0.90748 0.98173 
0.57722 — 0.98906 0-90748 — 0.98173 
0.65588 — 0.33708 0.45791 
— 0.45413 0.33088 
— 0.063939 
Непсе, 





|  0.57722x 0-65588х  O-45413x 0-063939х 











1+ 1 + 0.57722 — 0-65588 + 0-45413 
1 0.57722х 1.13627х 1-19953x 
1+ 1 + 1 — 1 + 
01 1 1 + 1,13627x 1 — 0,06326x 
11 1+0.57722% 14 1:71349х 1 + 0:51396х — 0-69239x2 
0-21467x 
+ 1 


14+ O-15141x + 0-24392x2 
1 + 0-72863x — 0.32456х2 





From this, in particular 


1 + 0.15141х + 0-24392x? 


ra Ра 
(1 +a) ~ 170772263; — 0.32456х® 


(12.2) 
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We have the table: 





TABLE 10 
x II + ж) (12.2) x | Fa + (12.2) 
—0:5 | 1-7725 1-7767 0-1 | 0-95135 0-95135 
—0-4 | 1-4892 1-4902 0-2 | 0-91817 0-91816 
— 0-3 | 1-29806 1.29823 0-3 | 0-89747 0-89743 
— 0-2 | 1.16423 1-16425 0-4 | 0-88726 0-88711 
—0-1 | 1-06863 1-06863 0-5 | 0-8862 0-8858 
0-0 | 1 1 0-6 | 0-8935 0-8927 
0-7 | 0-9086 0-9071 
1-0 | 1 0-994 


3. From the expansion (Ruzhik and Gradstein [4], Nielsen [59] 
p. 38) 
= (tg) 
In TI iis ух + ХУ RE (12.3) 


n=2 


where sn = У, l/m”, we have: 
m=1 
In TU +9» 


со —0.57722х + 0-82247х® — 0-40068x3 + 0-27058x4. (12.4) 
Applying the method of Viskovatoff to expansion (12.4), we derive: 


1 
— 0-57722 0-82247 —0-40068  0-27058 
— 0.82247 0.40068 — 0-27058 
— 0.44518 0.17336 
— 0-035791 


Hence, 


0.577221 0-82247x 0-44518% 0-035791х 


mI y~ — 0.44518 ^ 
n/(l | Y) | 0.57722 — - 0.82247 — — 0.44518 
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— 0-57722x 1-42488x 0.93772 
1 E 1 = 1 2 
0 —0-57722x — 0-57720x — 057-122x + 0.541272 
1 1 1 + 1-42488x 1 + 0.48716x 
0.09775х 


— 1 


— 0-57722x + 0-59769х? 
1 + 0-38941x — 0.139282 ` 





From this, in particular 


— 0.57722х + 0-59769x2 
1 + 0-38941x + 0-13928x2 ` 





In DU Lal 


Consequently 
— 0-25068x + 0-25957x2 











log Г(1 + x) m : 12.5 
€ Т(1 +x) ~ 11 0.389415 — 0-139282 SS? 
We have the table: 
TABLE 11 
x | log I'(14- x) (12.5) х |ogl(l-c-x) (12.5) 
— 0:5 | 0-2486 0-2469 0-1 1-97834 1-97834 
—0-4 | 0-1730 0-1725 0-2 1-96292 1-96293 
—0-3 | 0-11329 0-11321 0-3 1-95302 1-95305 
— 0:2 | 0:066039 0-066029 0-4 1-94806 1-94818 
—0-1 | 0-0288268 0-0288266 0-5 1-9475 1-9479 
0 | 0 0 


4. We consider the function W(x) = din Г(1 + x))/dx. Ac- 
cording to (12.3) it has the expansion 


P(x) = — y + sex — 5352 +... (— 05а”... 
whence 


P(x) ~ — 0.57722 + 1-64493x — 1-20206x? + 1-08232x3. (12.6) 
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Applying the method of Viskovatoff to expansion (12.6), we obtain: 


1 
—0-57722 1.64493 — 1.20206 1.08232 
— 1.64493 1.20206 — 1-08232 
— 2.01194 1-35257 











— 0-19359 
Consequently, 
Vx — 0-57722 1-64493x 2-01194x 0.19359х 
e) 1 — — 0-57722 — — 1.64493 — — 2.01194 ~ 
— 0.57722 2.84975х 2.11897x 
1 + 1 — 1 — 
0 — 0.57722 — 0.57722 — 0.57722 + 1-22311x 
1 1 1 + 2-84975х 1 + 0-73078х 


0-058495x 
— 1 


— 0-57722 + 1-25687х 
1 + 0-67228x — 0-16670x? 





From this, in particular, 


— 0.57722 + 1.25687x 


W(x) m | 
1 + 0-67228x — 0-16670x? 





(12.7) 


We have the table: 














TABLE 12 

x P(x) (12.7) x P(x) (12.7) 
—0-5 | — 1:964 — 1-938 0-1 | —0-4238 — 0-4237 
—0-4 | — 1-541 — 1:538 0-2 | —0:2889 | —0-2890 
—0:3 | —1-220 — 1.218 6:3 | —0-1692 —0-1687 
—0:2 | —0-9650 —0-9647 0:4 | —0-614 — 0-0600 
—0-1 | —0-7549 — 0-7549 0-5 0-0365 0-0396 

0 -0-57722 —0-57722 
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CHAPTER IV 


GENERALIZED CONTINUED FRACTIONS 


Among the various generalizations of continued fractions which 
have been suggested, that based upon the successive application 
of a certain matrix operator on a given vector is especially in- 
teresting. In a simple form this method was given by Euler [17], 
who applied it to the approximate determination of the geometric 
mean of two numbers whose ratio is as | : x. This, incidentally, 
permits the approximate computation of the expression х?/@ 
(p and 4 being arbitrary whole numbers) when x is given. If we 
except notes by Lorey [53] and Krafft [41] and its use in compu- 
tational problems in the work of Miiller [57], Euler’s method 
appears to have been forgotten. And even in these papers the 
possibility of exploiting this method in practice is not shown. 

In the present chapter we briefly describe those generalized 
continued fractions which may most easily be used for approximate 
calculations. We devote special attention to methods associated 
with matrices. 


§ 1. The Computation of Square Roots with the Help of 
Matrices of the Second Order 


1. The process of deriving rational function approximations 
with the help of continued fractions leads to the computation of 
quantities Р, and Q4 (n = 0, 1, ...) related to each other by 
means of the formulae 


Pa = anPn-2 + bnPa-1, 
Qa = anQn-2 + bnQn-1 


In this, a, and by (и = 1,2, ...) are so chosen that lim Pn/Qn 


Noo 


exists and is finite. The question arises — is it not possible to employ 


| (n = 1,2,...). (1.1) 
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relationships analogous to (1.1) for the determination of P, and 
Q4? In particular one can consider relationships of the form 


Р, = AnP n-i + ВЁпОз-1, 
e LE el 
On = ynPn-i + bnQn-1, | " ) 


With the help of a matrix this equation may be written as: 
DOE e 
О» Уп Ön/ \©л-1 
2. We put an = а, Pn = и, Yn = 1, ôn = а (и = 1, 2, ...). 
Then relationships (1.2) and (1.3) become 


(1.2) 


Р, = аР»- n-1; 
and 
Р» а и\ [Ру 
en ‘) o) (п = 1,2, ...). (1.5) 
respectively. 


When а = О it follows from (1.4) that Po/Qo = 0/1, Pi/Qi = 
= 4/0, Р>|Оз = Oju = 0/1, і.е. the process (1.4) diverges. We 
shall therefore assume that а = 0. 

We shall use the following notation: 


С я а Р, Р» P, 
la 





го Qa 0 
We shall изе an analogous notation when applying more general 
matrices. 
3. From equation (1.4), it follows that 
P, аР,-1 Е UQn-1 


On Pa-ı + 4Qaa | 





Pr 1 4 
а. EV Hi 
Pa On 1 (1 6) 
On Py 1 | 


On 1 
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Let lim Dal, exist, be finite, and be denoted by x. Then from 


n> 


(1.6) we obtain: 


ах ји . 
=, ie х2 = и, х = аи. 


xpa 
Thus if lim Deal, exists, then it is equal to either 4/4 or — u. 


Hence when и < 0 the process (1.4) diverges. 
Denote — 4/4 = x1, Ми = X9. 
4. From (1.6) we have 

















Qn-1 


oe hue д, 





Finally, taking Po/Qo = all, 


ER (cn MENU (17) 
Qn On 
When a > хә, we have from this Bell, > x2, since when а > 0 
it follows from (1.4) that Qn > 0. Indeed in this computation 
Po = a > 0, Qo = 1, Pı = Ро а. 0% > 0 and so on. 
5. We discuss the conditions under which the quantities P„/On 
are monotonically decreasing with increasing и. In order to do 
this we first compute (Ps/Qas) — (P, 1/Qn—-1)- 


§ 1] SQUARE ROOTS 185 


From (1.6) it follows that 


























" DA Lu Р? _, ü Ра 2 PIA 
P, Para Qna Rd Qai _ Qa 
Qn Qni ni _ 9» u On j 
Ол-1 On-ı 
1.e. 
бы чыш 
Р, Pasa = On-ı On-ı | (1.8) 
On Qa-1 О» 
Qua 


From (1.8) and (1.7) it follows that when а > хә, the inequality 
(Pn/On) < (Pn-1/Qn-1) obtains. Comparing this inequality with 
that following from (1.7), we see that when a > x1 

хә < Pa < Ps 

2 _ =» 

О» Qn-1 

Hence, when a > xs, the quantities P4/Q4 are monotonically 
decreasing to a lower limit хә. Therefore when a > хә we have 
lim (Pp/Qn) = x». 


noo 


6. When 0 < а < хә it follows from (1.7) that (Pon/Qan) < x2 
and (Pen+1/Qen+1) > x2 since, as before, Qn > 0. We discuss the 
behaviour of Pean/Qan and Pən+1/Q2n+1 when O < а < хә. For 
this we calculate (Pn/Qn) — (Pn—2/Qn-2). 

In order to compute this expression we note that 


P oC RÉI 2au ) 
lalM al \ a atu)’ 
Hence there follows from (1.5) the equation 


Ee о е 











whence 
Daa 
2 2 
Pan (а + иРи 2 Е 2auOn 2 ` (10) Qn-2 8 ak 
On 2aP n 2 | (a? | W)On 2 | 2a Р, 2 E а? +u : 


On 2 
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Pa Paz 
Qn Qn 
er, жамы сеш 
e 
Pag M 
= 2aQn-2 68) = 


In particular 


























P Pon- — d Daa Das 
Pon Pon 2 _ 02" d 2n "all 2n а) (1.9) 
Qon Q2n-2 Q2n Oan-2 2n—2 
and 
Р Pon- —1 d Daa Рә„— 
Ponti Ein... Оза ( 2" all = — аа). (1.10) 
Qon+1 От Q2n41 NQ2n-1 Qon-1 


From (1.7) it follows that when 0 < a < хә we have the in- 
equality 
Pan-2 


2п—2 


0 < 





< х9 (n = 1, 2,...). 


Therefore, when O <a < x», it follows from (1.9) that (Pan/Oan) > 
> (Pon-2/Qon-2). Consequently P2ņn/Q2n increases monotonically 
with increasing n to an upper limit x». Therefore when 0 <a < x» 


we have lim (Pen/Qan) = x». 


From (1.7) it follows that when 0 < а < хә the inequality 
Pon-1 
Qen-1 


obtains. It follows from (1.10), therefore, that (Pon+1/Qondi1) < 
< (Pan-ılQan-ı). Hence Pan-ı/Q2n-ı decreases monotonically with 





хә < 
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increasing и to a lower limit xə. In this case, therefore, when 
О<а< хә, then lim (Pen—1/Q2n-1) = Xo. 
"T 


7. We replace x by — х in the equation x? = и. Then xı goes 
over into — %2 and хә goes over into — x;, since — х becomes 
the greater root. We also replace а by — a. Now the sequence of 
terms determined by means of relations (1.4) converges only to 
— x1 or to — x», whence Dell, is replaced by — (P4/Q). 

We know that when 4 > хә, the inequality x» < (Р„/О„) < 
< (Pa-i|[Qn-i) obtains, or written in another way 

















P 5-1 > Р n >х 
2. 
On-ı О» 
From this we conclude that when — a > — x, the inequality 
P n—1 > Р » > > 
= = — 41 
Ол-1 On 
obtains, ie. when a < ху we have the inequality 
P n-1 < P n <x 
ME J 
Qna Qn 


Thus when a < xi, Della increases monotonically with increasing 
п to an upper limit ху. Hence when a < ху we have lim (P,/O,) = х1. 


no 


We know that when 0 <a < xo, we have the inequalities 


Pon-2 2 Pon T" Ponti 4 Рәл-1 | 

Озз- Qon Qon+1  Qan-1 
From this we conclude that when 0 < — a < — xı then we have 
the inequalities 



































Pon- P P Pon- 
= 21-8 __ LM Eel ы. el 
Qon-2 Qen Охљ+1 Qon-1 
i.e. when xı <a < 0, the inequalities 
Pon-ı Pont <x < Pon < Pon-2 
DOCENTE Des 
Qen i WITT Qon ` Qa-2 


obtain. Hence, when x, <a -< 0, we have lim (Pn/Qn) = x1. 
n9 
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[CHAP. IV 
8. Examples: 
1) a> X2. 
5 47 455 4409 
б | 1 10 97 940 
5 4.7 4.6907 4.69043 
№22 < 4.69043. 

2) 0<a< xs. 

; 5 52 26 265 2702 

6 =) 1 10 5 51 520 

5 5.2 5.19607 5.19616 
5.19607 < V27 < 5.19616. 
3 м<а< 0. 
=] 3 y 17 — 41 
=] 2 FEB 2% 
1 —2 5 —12 29 
Е 15 —14 —1-416 — 1-4137 
— 1-416 < — V2 < — 1-4138. 
4) a< xı. 
—2 7 — 26 97 
© > 1 —4 15 — 56 
i: 


— 175 — 1-734 —1-73214 
— 1:73214 < — y3. 


§ 2. The Solution of Quadratic Equations with the Help of 
Matrices of the Second Order 


1. We put in (1.3) an — a, Bn = — q, Yn = l, n — a + f. 
Then relations (1.2) and (1.3) become 
Р, = aPy-1 I qQn-1, (2 1) 
On = Pr- + (a + Ф)0һ-1, | 
апд 


ero а] @2 
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§ 2] 
2. From equation (2.1) it follows that 
Р, SR aPn-ı — 402-1 
О» Prat (4 + })О»-1 К 
ie. 
Е = e. 
О» On-ı 
0 =p e (2.3) 
"оо crac 
On-ı 


Let lim (P4/Q4) exist, be finite, and be denoted by x. Then 
from (2.3) we obtain 
_ 8x — 9 


Me SEG; 
x+ta+p 











1.е. 
= M 52 — 
про mac ЖУР OU, 
Denote: 
= Кым Шеш. _ VP — 49 
ЖХ] == - 2 З X2 = 2 " 


Thus if lim (P4/Q4) exists then it may be equal either to xı or 


Ty — 


x2. When р? — 44 < 0 the process (2.1) diverges since in this 
case х] and хә are complex numbers, but a sequence of real terms 


cannot have a complex limit. 
When a = (xı + %2)/2 = — (p/2) we have: 








b р p р (£ ) E 
DNE. 3.7. 74 Are 2 
p E 0 р? 1 ` 
I. Gs — g 
2 4 
(Ya + 12)/2. the process (2.1) diverges. 


Hence, when a 
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3. From (2.3) we have: 























Р,_ Paz 
Р, къа йу ты 
On. a On = 
О»-1 
Paa 
Ka te "а-я, (Pes js 
On GE S Lan t = 
Qn-1 
5 (а = x)?0a 10n-2 Pa- u = 
= 0:05 (5= gl p 


Finally, taking Po/Qo = ajl, we have: 


T eut ium (2.4) 
Qn Qn 
From this, when a > хә, we have (Pn/Qn) > xs, since one can 
always make Q4 positive by multiplying the numerator and 
denominator of P„/On by — 1, if the need arises. 

4. We discuss the conditions under which the quantities Р„/О» 
are monotonically decreasing with increasing и. In order to do 
this we first compute (P4/Q4) — (Pn—-1/Qn-1). From (2.3) it follows 
that 























Pa Pa-ı\? Id 
Р, = Pan- = ROLE -1-(52) E Qn-1 
Qn On-ı On , 
| Qai 
1.е. 
P, Pn- __ Оз-1 Pasa ЕХ Pasa = 
On О»-1 i Qn ( О»-1 =) ( Qn-1 a) ` Ro 


From (2.5) and (2.4) it follows that, when a > xs, the inequality 
(Pn/Qn) < (Pn-1/Qn-1) obtains. Comparing this inequality with 
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that following from (2.4), we obtain the result that when a > x2 


gee ыас 

хә Ee 5 

On On-ı 

Consequently when a > хә the quantities P4/Q4 are monotonically 
decreasing to a lower limit хә. Therefore when a > xs we have 
lim (Pn/Qn) = x2. 


по 

When (xi + xs)/2 < a < хә it follows from (2.4) that 
(P2on/Qan) < x» and (Pon+1/Q2n+1) > x2, since as before one can 
assume Qp > 0. We discuss the behaviour of Pon/Qen and 
Pon+1/Q2n+1 when (xı + x2)/2 < а < хә; for this we determine 


(Pn/Qn) — (Pn-2/Qn-2). 


In order to compute this expression we note that 
eet 
la+p/\l ac? 2a+p (а+%)%—4 
Hence there follows from (2.2) the equation 


ds Domos 





























whence 
Pn ___(®—g)Pn-2— (2a +) 0-2 _ 
Qn (20 + p)Pn-2 + Ца +)? — ЧО 
(a? — 4) ehr (2a + Ф) 
E e: | 
Qa +p) 23 + (a +9)? — 
vs a 
hence, 
Pa Pa- n-2 Pan- 
(E o. - = [ —4) „= (2a + ра — 
P2 
— (2а + р) QU. ( 
"A Qn-2 Я pz 
On [ Be ER DR = a] 
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i.e. 


Pa Рио 22 4$ Qs ( Pa-2 и) ( at. а). (2.6) 
n-2 








Qn On-2 On Qn-2 
But (xı + %2)/2 = — (p/2), whence — (2/2) <a, O < 2a + ф. 
Consequently when (xi + х9)[2 <a < хә the inequalities 

Pom Рә ә Ponti _ Poena 











> 3 3 
Qon Qon-2 Ооз+1 Qon-1 
obtain. Thus when (x; + %2)/2 < а < x», Pon/Qan increases mono- 
tonically with increasing и to an upper limit хә; Pen+1/Q2n+1 is 
monotonically decreasing with increasing и to a lower limit xo. 
Hence when (x1 + %2)/2<a< хә 


P 
lim —* = X9. 


noo Qn 

5. For the investigation of the remaining cases we replace 
х by —x and р by —$ in the equation x? + px + q = 0. We 
also replace a by — a. Then the equation preserves its form, but 
Xe goes over into — x1 and ху into — x», so that now the greatest 
root is — х1. The sequence of terms determined by means of 
relations (2.1) converges only to — x1 or to — x», whence Р„/О» 
is replaced by — (P4/Q,). 

We know that when a > x» the inequality 

Pn _ Pa-ı 
жж. 


О» Qai 


obtains. From this, when — a > — xi, we have the inequality 


Ps Pasa 
м < < 


О» Qn- 





i.e. when a < xı the inequality 


Pra < P, <x 
er Et 1. 
Qna О» 


obtains. Thus, when a < xı, Pn/Qn is monotonically increasing 
with increasing и to an upper limit xı. Hence, when а < x1, we 
have lim (Р„/Оз) = м. 

n-oo 
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We know that when (xi + хә)/2 <a < хә the inequality 


Pon Ponti Poena 
«LÀ << -—-—< 


Q2a-2 Оз» Оэз+1 Qon-1 


obtains. From this, when — (xi + x2)/2 < — a < — xi, we have 
the inequality 


Pan-2 














Pon-2 E Pon "E Pon+ı Pen-ı 
= pet . 
Oan-2 Qon Qonti Q2n-1 
ie. when xi <a < (xı + x2)/2 the inequality 
Pon-1 Ponti Pon _ Pans 





= = < EI < —— < S 
Qzn-1 Qon Оза Q2a-2 


Hence, when x1 < а < (x1 + x2)/2, we have lim P4/Q, = х1. 


n>oo 





6. Example. Consider the equation x? + 2x — 1 = 0, for which 
41,2 = — l + 4/2; xı = — 2,414, хә = 0,414. 


1) а> Xs. 
2 1 3 10 5 


1 
is) 14 2 7 24 12 


13 
0-5 0-43 0-417 

















2) ош жн 
Е о 1 2 5 
( ) p 2 5 12 
12 
0-5 0-40 0-417 
x х= 
3) аал 
2 
у —2 5 19 29 
C ) 1 cg "ug — 12 
10 
—20 —25 —240 —2-416 
4) a «x, 
-3 10 8 17 —58 _ 29 
e ко (Сй a m 


2.5 -- 2.428 — 2-416 
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§ 3. The Calculation of Cube Roots with the Help of 
Matrices 


1. Up to this point we have considered two sequences {Py} 
and (Q4), the terms of which are connected with one another by 
certain relations which are used to define them. We now consider 
three sequences {Px}, {Qn}, {Rn} the terms of which are connected 
to one another by means of the relations 

Pn = aPn-1 + 00-1 + Ви, 
On = Р, 1 + aln-ı + «Ви, (n Ny 25s)’ (3.1) 
Ra = Pra + Qn-1 + aRn-1 


With the help of a matrix these relationships may be written as 


Py aa a Para 
(o. = ( a <) (o). (3.2) 
Ra lla Rn- 


From (3.1) we obtain: 


Р»-\ Qn-1 Pa Qn-1 




















a ор —— Ба + а 
Pa = Ra-ı Ra-ı T On _ Rn-1 Rn-1 (3 3) 
Rn Pa Quai i Ra Pasa Qn-1 | i 
+5 +а $ +a 
Ra Ra Ra Ra-ı 
2. Let lim P„/R„ and lim Q4/R4 exist and be finite. Denote 


these by x and y respectively. Then from (3.3) we obtain 
_ Ч му {а _ pay te 


x4yta' ” х+у+а` 
We transcribe this system in the form 
2 == 
x? + ху = «(у + 1), | (5.4) 
xy + y? — x =a, 
multiply the second of the derived equations by y + 1 and sub- 
tract it from the first. We have: 


x? + ху = xy? + y3 — xy + xy + y? x, 
Le. 
y(y? — x) + җу% — x) + 0? — х) = 0 
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or 


(x+y + 1)(y? — x) = 0. 
When x + у + 1 = 0 the system (3.4) becomes 
— x= «(у + 1) 


l=a, 


i.e. this system leads to the indeterminate equation x + y + 1 = 0. 
In the following we shall assume that х +y + 1 = 0. Then 
x = y?, and the system (3.4) becomes 


yt + УЗ = «(у + 1), 
y? = а, 


i.e. it leads to the equation y? = а, x = y?, whence у = a, x = ої. 

Consequently, in the case that it converges, the algorithm (3.3) 
converges to Ya? and Wa. 

In the work to be given we confine ourselves to writing down some 
first approximations derived by means of this algorithm, together 
with numerical examples. 

Taking Ро = а?, Qo = а, Ro = 1, we have: 


ааа a? аз + (а + le 
(=) а 2a? La 


lla 1 а? + 2a 
From this 
2a? Le аз + (а + lja , В 
var реа MEI рой if Wa z а. 
For example, when a = 1, « = 2, 
122 1 5 19 73 281 1081 
(: 1 d 1 4 15 58 223 858 
111 1 3 12 46 177 681 
4/4 (approx.) 1.67. 1.583 1.5870 1.58757 1.58737 
V2 (approx.) 1.33 1.250 1.2609 1.25989 1.259912 


It is known that €/2 : 1:2599210, V/4 = 1-5874011. 
Using the square, cube, or a higher power of the fundamental 
matrix, one can accelerate the convergence of the process at will. 
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§ 4. The Calculation of Fourth Roots with the Help of 
Matrices 


1. Generalizing the system (3.1), we consider the following 
relationships 


P4 = аР, 1 + «Ол-1 + «Rai + «5-1, 
О» Ри + aOn-ı + «Кз—1 + 95-1, 
Rn Pa-ı + On-ı +aRn-ı + 95-1, 
Sn = Pa-ı+ Qn-1 + Ra-ı + aSn-1. 


(4.1) 


With the help of a matrix, these relationships may be transcribed 
as: 


Р» anae Р»-\ 
Wei. (lees баз). (4.2) 
Ra llaa Ё»-1 
Sn 111 Sn-1 


Proceeding as in the preceding section, one can prove that 


P R 
lim — = 4Va3, lim e = 4a? = ya, lim — = Wa, 
7—oo noo 


noo n п п 


if these limits exist апа are finite. The proof of this assertion is 
valid only for а = 1. In this case, denoting the limits considered 
by x, y and z, we obtain from (4.1): 


х + му + 02 4 а 
x+y+tz+! 
x+y +a +a 
x+y+2+1 
ИҢ зр я а 
x+y+z+1 








From these 
(a — 1)2 x+y+t2z+o 


= = = 22, 
ан ертеги 


(x — 1)у MM na dde og 
х+у+ +1 х+у-+#+1 C 











x=y+ 
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Finally, 


23 22 аа 
nV ox атры” 24 = a, z= Фа, у= Aa, x = Ya}. 


Putting Po = Qo = Ro = So = 1, we have: 


l «æ 1 1+3 14+ 12“ +3? 1 + 31е +31? + «3 
1 1аа 1 24+ 2а 3+ 12а + а? 4 + 40a + 20a? 
1 1 1 3+ 6+ 10a 10+ 440 + 10a? 
M] 1 1 4 10 + 6a 20 + 40а + 4a?. 


In particular, we consider an inequality which may be derived 
from this: 
a? + 12& + 3 


JaV 
ës 6x + 10 


Since both sides of this are positive, then it is equivalent to the 
inequality 


3603 + 120a? + 100« V а + 24«3 + 150a? + 72« + 9, 


at — 1203 + 3002 — 28а + 9^ 0. 


Observing that the left hand side of this inequality changes sign 
when a = 9, one can reduce it to the form 


(a — 1)3(a — 9) ^ 0. 


Therefore 
2 4 12 3 
ue ын, ыр EE 
бы + 10 
2 12 3 
Va Sean when « 29. 
6a + 10 
From this 
24 12 3 ба? 10 
gue dp IE (1 €« <9), 
ба + 10 a? + 12x +3 
2 2 12 3 
_ 6a = 10a Vd o +1 “+3 (x > 9). 
a? + 12x | 3 6a + 10 


Khovanskii, The applic atten 14 
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The range of application of these approximations is clear from the 
following table 


Paes 6a? -+ 10а 
6x + 10 V* 281124 3 
1-000 1-000 1-000 
2 1-409 1-414 1-419 
3 1.714 1-732 1-750 
4 1-971 2-000 2-030 
5 2-200 2.236 2.273 
6 2-413 2-449 2-486 
7 2-615 2-646 2-676 
8 2.810 2.828 2.847 
9 3.000 3-000 3-000 
10 3-186 3-162 3.139 
1 3.368 3.317 3-266 
12 3-549 3-464 3-381 
13 3-727 3.606 3.488 


§ 5. The Calculation of Roots of Arbitrary Rational order 
with the Help of a Matrix 


l. Generalizing the method set forth in the preceding section 
we see that the square matrix of the „th order 


аа «x a 
l ae a 
1 1 1..a 
in particular 
a ax . « 
Г 1 x..« 


leads to the determination of approximate values of 


Va, Xa, ..., Ward, 
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In the event use of this matrix leads to the system of equations 

х + ay ад... На 
ХУ... ++ 1 
x+tytaz+...+at+a 
ое 


ХУ... ++ а 
x+y+tz+..+:+1' 





D 


whence 
— 1 
£—1q———RELL уе E in, 
Е ЕЕ 
Putting Ро = Qo =... = 1, we have 
Тая... м | l-r(&— l0) 
11а...“ 1 2+ (n — Ze 


Poe hes 1 n 


For example, in order to compute 4/4 approximately, it is sufficient 
to carry out the computations: 


1222222 1 13 127 
1122222 1 12 115 
1112222 1 11 104 
11 11222 1 10 94 
1111122 1 9 85 
11 11 112 1 8 77 
Per I EGG 1 7 70 


In particular 4/4 ~ 194 = 1,223 or 4/4 ~ 85 = 1,214. The exact 
value of this root is 1,219.... 


§ 6. The Solution of Cubic Equations with the Help of 
` Matrices 


1. We consider the matrix 


aıı 212 й\з 
421 422 azz |. (6.1) 
йз1 8392. @33 
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Tt leads to the equations 


a11% + @12у + aig 
ч ы ee 
аз1х + @з2у + 433 


421% + @ээу + аәз 
431X + @з2у + 433 





y= 


Eliminating y from these equations we arrive at an equation of the 
third degree in the variable x. Hence, in the case of convergence 
of the corresponding process, the matrix (6.1) may be used for the 
approximate computation of one of the roots of a certain equation 
of the third degree. We do not go into detail but consider alone the 


matrix 
1 —$ c 
1 1 О |. (6.2) 
0 1 1 


It leads to the equations 


jo а. се EE 
DER yt] 





Transforming these equations, we have 
MA, 
gg gs фу =й, 
УРУР 0. 


Hence, in the case of convergence of the corresponding process, 
the matrix (6.1) may be used for the approximate computation 
of one of the roots of y3 + py + 4 = 0. 

For example, for the equation x3 — 3x + 1 = О, we have: 


11 0] 1 5 (12 4 10 25 (63) 21 53 
от 1 1 4 (9) 3 7 17 (42) 14 35 


1 1 125 1.33 1:43 1.47 1-50 1-51 


13 —1 13 7 (8) 6 15 38 (96 32 8 
2 
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The exact value of the root is 1.532.... For accelerating convergence 
one could have used the square matrix 


13 —1 13 —1 45 —2 
( 1 dd 1 0) = (2 4 4) 
о 1 1 O 1 1 12 1 


§ 7. The Solution of Equations of Higher Order with the 
Help of Matrices 


1. We verify that in the case of convergence of the corresponding 
process, the matrix ( 4 0) 


Ё lan О... O 0 0 0 0 
0 Ё lan 0 0 0 0 0 
0 0 0 lan 0 0 0 0 
0 0 0 Ё lan 0 0 0 
0 0 0 0 Ё lan 0 0 
0 0 0. :°0 0 Ё 0 lan 
—lag —laı —lag ... —lan-5 —lan-a —lan-3 k—lag-1 —lan_2 
0 0 Q.. o. 0 0 lan Ё 


may be used for the approximate computation of one of the roots 
of the equation 


ах" + аһ-1591 + ... + aix + ao = О. 


Actually this matrix leads to the equations 





kt + lags kz + lany ky + lag 
= Inn, 2 = , = , 
lank + k lank +k’ lagu Lh 
_ — laot — lays — ... — lan-42 — lan-3y + (k — lan-ı)% — lan 
и lanx +k 


whence 


ар? + An-1% + An-2 + An-3Y + An-2 +... + ais + aot = 0, 


ху = l, xz = у, ..., xb == $; 
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һепсе 


GENERALIZED CONTINUED FRACTIONS 


[CHAP. IV 


ах" + ag 1x77 + a4 ox"? + aq 3x* + ... + ах + ао = О. 


2. In particular, for the equation 


(putting k = / = 1) we have: 


1 
1 
—] 1 
0 


0 
(0) 
9 
1 


ха Dä рх? —х--1=0 


1 
1 
1 
1 


1 


( 
( 
( 
( 


2 
2 
В 
2 


— A = = 


JP 


2 4 
SS 7 
35 310 
5 40 
7 7.75 


The exact value of this root is 7-8873.... 


11 
47 
2753 
350 


7:866 


58 
397 
24463 
3103 


7.8837 


455 
3500 
217403 
27566 


7-8866 
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